Probabilistic Analysis of Slide-Rocking Structures Under Earthquake Loads by Knickerbocker, Taylor J.
University of Nebraska - Lincoln
DigitalCommons@University of Nebraska - Lincoln
Civil Engineering Theses, Dissertations, and
Student Research Civil Engineering
8-1-2019
Probabilistic Analysis of Slide-Rocking Structures
Under Earthquake Loads
Taylor J. Knickerbocker
University of Nebraska-Lincoln, taylor.knickerbocker@huskers.unl.edu
Follow this and additional works at: https://digitalcommons.unl.edu/civilengdiss
Part of the Civil Engineering Commons, Geophysics and Seismology Commons, and the
Structural Engineering Commons
This Article is brought to you for free and open access by the Civil Engineering at DigitalCommons@University of Nebraska - Lincoln. It has been
accepted for inclusion in Civil Engineering Theses, Dissertations, and Student Research by an authorized administrator of
DigitalCommons@University of Nebraska - Lincoln.
Knickerbocker, Taylor J., "Probabilistic Analysis of Slide-Rocking Structures Under Earthquake Loads" (2019). Civil Engineering
Theses, Dissertations, and Student Research. 143.
https://digitalcommons.unl.edu/civilengdiss/143
  
PROBABILISTIC ANALYSIS OF SLIDE-ROCKING STRUCTURES UNDER 
EARTHQUAKE LOADS 
by 
Taylor J. Knickerbocker 
 
 
A THESIS 
 
 
Presented to the Faculty of 
The Graduate College at the University of Nebraska  
In Partial Fulfillment of Requirements 
For the Degree of Master of Science 
 
 
Major: Civil Engineering 
 
 
Under the Supervision of Professor Christine E. Wittich 
 
Lincoln, Nebraska 
 
August 2019 
 PROBABILISTIC ANALYSIS OF SLIDE-ROCKING STRUCTURES UNDER 
EARTHQUAKE LOADS 
Taylor J. Knickerbocker, M.S. 
University of Nebraska, 2019 
Advisor: Christine E. Wittich 
 
 Estimates of rare seismic hazard are essential for the resilience of critical 
infrastructure and facilities. However, these estimates are highly uncertain at long return 
periods due to the lack of observed earthquake records. Several ground motion prediction 
equations have been proposed to close this gap and estimate rare seismic demands; 
however, these models were developed based on more moderate earthquake records and 
can yield physically unrealizable ground motions when extrapolated to long return 
periods. For this reason, seismologists have proposed using precariously balanced rocks 
(PBRs) as a way to constrain rare seismic hazard. PBRs are a type of fragile geologic 
structure whose upright existence indicates that a seismic event powerful enough to cause 
the structure to overturn has not yet occurred. PBRs are individual or stacks of 
freestanding rocks that tend to respond in rigid body modes, such as rocking and sliding, 
when subjected to earthquake loads. The behavior of these freestanding structures is very 
sensitive to small changes in geometry, position, and ground motion characteristics. As a 
result, reliable probabilistic relationships for the seismic response of freestanding 
structures are lacking. To this end, this thesis aims to rigorously evaluate and identify a 
robust probabilistic relationship between the intensity of a ground motion and the 
dynamic behavior of freestanding structures, including both rocking and sliding demands, 
 such that PBRs can be used to constrain seismic hazard. The dynamic response of 
freestanding structures is modeled analytically via two-dimensional equations of motion. 
Various ground motion intensity measures are evaluated in both scalar and vector forms 
to identify an optimal predictor of structural response. After thorough analysis, a vector 
combination of Cumulative Absolute Velocity and Response Spectrum Intensity is 
selected. This relationship is then used in a case study to demonstrate the applicability of 
the vector intensity measure in a PBR analysis and comparison with current seismic 
hazard in the New Madrid Seismic Zone. 
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 1 
CHAPTER 1 – INTRODUCTION 
1.1 Motivation 
Understanding rare seismic hazard is crucial for designing resilient and safe 
infrastructure; however, current estimates of rare seismic hazard are highly uncertain due 
to the minimal amount of observed earthquake records with high return periods. Ground 
motion prediction equations have been developed to predict future seismic demands, 
including those at large return periods; however, they are based upon regressions of more 
commonly observed and more moderate earthquake records. This leads to ground motion 
predictions that are physically unrealizable for rare earthquakes (e.g. a one million year 
event with an annual rate of exceedance of 10−6). In the absence of substantial 
earthquake records, certain naturally-occurring fragile geologic structures have been 
proposed to place a physical constraint on rare seismic hazard. Specifically, the 
unexceeded ground motion at a site can be limited by the ground motion that would have 
brought naturally-occurring features to failure or collapse.  
One type of fragile geologic structure is the precariously balanced rock (PBR), 
which is an individual or a system of rocks that have naturally eroded into a freestanding 
configuration, see Figure 1.1. PBRs can be classified as a freestanding structure, which is 
any structure that is detached from its base and can rotate and translate freely. When 
subjected to earthquake excitations, PBRs respond in rigid body modes, which include 
sliding, rocking, slide-rocking, or free-flight. By analyzing the ground motion 
characteristics that cause PBRs to overturn, seismologists and engineers can gain insight 
into rare seismic hazard. As a freestanding structure, the seismic response of PBRs is 
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known to be extremely sensitive to small changes in geometry, position, and earthquake 
excitation. As such, deterministic methods are limited in their application to PBRs, and 
probabilistic relationships are needed in order to analyze unexceeded ground motions. 
Previous probabilistic studies on PBRs have focused on a single response mode, such as 
rocking, and utilized simplistic probabilistic relationships. Given the lack of other 
physical constraints on seismic hazard and the need to design infrastructure that can 
withstand rare earthquakes, there is a critical need to develop robust and efficient 
probabilistic relationships for freestanding structures that account for all possible 
response modes.    
 
 
 
 
Figure 1.1 Sample precariously balanced rock in Jacumba, CA. 
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1.2 Research Objectives 
The goal of this thesis is to develop probabilistic relationships between the 
intensity of an earthquake and the dynamic response of a freestanding structure such that 
precarious rocks can be effectively used to constrain seismic hazard. To this end, the first 
research objective is to derive analytical equations of motion that represent the response 
of a freestanding structure under seismic excitations. The second objective is to 
determine optimal scalar or vector ground motion intensity measures (IMs) that can 
predict the dynamic response of freestanding structures. The third objective is to develop 
fragility curves or surfaces utilizing the identified IMs to represent the probabilistic 
relationship for the structural demands of freestanding structures with respect to 
earthquake intensity. The final objective is to demonstrate the applicability of the 
developed fragilities through a case study using a sample precariously balanced rock the 
New Madrid Seismic Zone.   
1.3 Scope of the Research 
 The primary focus of this thesis is analytically modeling the dynamic behavior of 
freestanding structures such that a probabilistic relationship between sliding and rocking 
demands and a ground motion intensity measure can be identified. The probabilistic 
evaluation and discussion of the response of freestanding structures subjected to 
earthquake loads are presented and discussed within the scope of the subsequent chapters 
and appendices: 
 Chapter 2 provides a literature review of the importance of studying freestanding 
structures within the field of seismic hazard, as well as analytical, numerical, and 
probabilistic methods for modeling the behavior of freestanding structures. Additionally, 
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the scope and contribution of this thesis are discussed within the context of the existing 
literature.  
 Chapter 3 outlines the two-dimensional equations of motion for sliding, rocking, 
and slide-rocking that were derived by the author to represent the response of a 
rectangular block subjected to seismic loads. This chapter also presents the computer 
programing code created for this study. 
 Chapter 4 contains the methods used to identify an intensity measure (IM) that 
demonstrates a strong probabilistic relationship with the dynamic response of a 
freestanding structure. Two IM studies were performed, one for scalar IMs and one for 
vector, or a combination of two, IMs. The most optimal IM was selected based upon 
proficiency, sufficiency, robustness, and computability. 
 Chapter 5 is a case study that utilizes geometric information from a precariously 
balanced rock in Elephant Rocks State Park, MO, and the IM found in Chapter 4 for a 
comparison with current estimates of regional seismic hazard. 
 Chapter 6 summarizes the conclusions of this thesis and discusses the future 
work for using freestanding structures as a way to constrain the rare seismic hazard of a 
region. 
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CHAPTER 2 - LITERATURE REVIEW 
In the late 1800s, researchers proposed methods to estimate intensity levels of 
past earthquakes by observing the current upright state of tombstones and monumental 
columns (Milne, 1885). If the structures were upright, then a ground motion strong 
enough to cause overturning had not occurred yet. Likewise, had the structure toppled 
over, it was evident that there had been a past seismic event powerful enough to induce 
collapse. By studying various freestanding structures, it was possible to estimate the peak 
ground accelerations of past earthquakes when no prior data was available (Milne, 1885). 
Approximating the toppling ground acceleration for a freestanding structure has been 
done to yield insight into rare seismic hazard, which is poorly predicted by current 
methods (Bommer and Abrahamson, 2006).  The analytical, numerical, and experimental 
methods developed to understand how freestanding structures behave and their use in 
probabilistic seismic hazard analysis will be summarized in the following sections.  
2.1 Background on Precariously Balanced Rocks  
Freestanding structures encompass a wide range of objects including classical 
columns, tombstones, statues, electrical transformers, building contents, and some types 
of fragile geologic structures (FGS). FGS are naturally occurring geologic features such 
as natural bridges, arches, precipitous slopes and cliffs, and precariously balanced rocks 
(PBRs) (Baker et al., 2013). A few types of freestanding structures are defined in Figure 
2.1 through Figure 2.5 below. These types of structures tend to respond in rigid body 
modes when subject to an earthquake excitation – namely, rocking, sliding, slide-rocking, 
and free-flight, which can lead to overturning. The maximum unexceeded ground motion 
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at a particular site can be constrained by determining the ground motion required to 
overturn freestanding objects (Anooshehpoor et al., 2004). This information is incredibly 
valuable to engineers and seismologists alike because the ground motion at which a 
freestanding structure overturns is indicative of an upper bound for seismic design.  
 
 
Figure 2.1 Classical columns from the Temple of Zeus at Nemea, Greece 
(Papantonopoulos et al., 2002). 
 
 
Figure 2.2 Statue that overturned and twisted during the 2014 South Napa 
Earthquake (Wittich et al., 2014). 
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Figure 2.3 Tombstones following the 2011 Virginia Earthquake (Photo courtesy of 
the EERI Photo Galleries (EERI, 2015)). 
 
 
Figure 2.4 Electrical transformer that displaced during the 2014 South Napa 
earthquake (Wittich et al., 2014). 
 
 
 
Figure 2.5 PBR from Elephant Rocks State Park, MO. 
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PBRs are individual or stacks of boulders that have eroded into highly precarious 
or fragile configurations and are commonly found in seismically active regions, where 
they have stood for thousands of years (Brune, 1996; SCEC, 2019). These types of 
freestanding structures have been identified as potential natural seismoscopes for the past 
few decades since their fragile or precarious configurations limit the intensity of 
earthquake ground motions experienced at the site (Brune, 1996; Baker et al., 2013). In 
this context, precarious means that the PBR is freestanding and free to overturn if excited 
by an earthquake event. Since there are no accepted geometric limits to define 
precariousness, any freestanding structure can be precarious. While seismologists have 
documented precarious freestanding structures since the late 1800s, Brune (1996) first 
proposed that the existence of certain PBRs in southern California implied that current 
seismic hazard was overestimating earthquakes with long recurrence intervals. Since 
then, numerous studies have been conducted to analyze whether there is a discrepancy 
between PBRs and hazard curves produced through probabilistic seismic hazard analysis 
(PSHA). Although these findings are dependent on location, several PBR analyses have 
indicated that current seismic hazard is overestimated at long return periods 
(Anooshehpoor et al., 2004; Stirling and Anooshehpoor, 2006; Purvance et al., 2008b). 
The critical pieces of information needed to effectively use PBRs as a way to 
understand rare seismic hazard are the age of the rocks and the ground motion that would 
overturn them. Two commonly used dating methods to estimate the age of the rocks 
include rock-varnish microlamination and cosmogenic-nuclide exposure dating (Bell et 
al., 1998; Balco et al., 2011). In the rock-varnish method, the elements present in the 
rock’s varnish are classified by their geologic time period, and, the oldest geologic time 
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period identified in the varnish can be used to estimate the minimum age for the PBR 
(Bell et al., 1998). Conversely, cosmogenic-nuclide dating estimates the maximum age of 
the PBR by measuring the presence of cosmogenic nuclides on the surface of the PBR, 
which are a function of the rock’s exposure to the sun’s rays (Balco et al., 2011). 
Although these methods are not able to provide a precise age of an individual PBR, they 
give an approximate range of how long a PBR has been in a fragile (exhumed) state.  
In addition to the approximate age of the PBR, knowledge of the motion required 
to overturn the PBR is necessary. The seismic response of PBRs can be studied as a 
system of freestanding structures since the PBRs have eroded into unattached boulders. 
To this end, several studies have utilized the theoretical equations of motion for a two-
dimensional rocking response to analyze PBRs (Shi et al., 1996; Anooshehpoor et al., 
2004; Purvance et al., 2008a). However, as a freestanding structure, PBRs will respond in 
a combination of rigid body modes including both rocking and sliding. Relatively few 
studies have been conducted that account for the multi-modal behavior of PBRs. While 
this multi-modal behavior more accurately reflects the behavior of a freestanding 
structure to a given earthquake, the extension to probabilistic relationships is difficult 
given the potential for the individual modes to correlate with different measures of 
earthquake intensity. The analytical equations derived to model the seismic response of 
freestanding structures are presented in the following section. 
2.2 Two-Dimensional Analytical Methods 
Freestanding structures like PBRs respond in rigid body modes when subjected to 
earthquake excitations. These response modes include rocking, sliding, slide-rocking, and 
free-flight, which may lead to collapse or overturning. This section presents existing 
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analytical models for these response modes considering a two-dimensional rigid body. 
The common assumptions for the equations of motion include a rectangular rigid body, 
rigid foundation, planar motion, and Coulomb friction. 
2.2.1 Housner 
Housner (1963) first proposed equations describing the rocking behavior of a 
slender, rigid block after observing the damage incurred by tall, slender structures after 
an earthquake event. The proposed symmetric rocking block model rests on a rigid 
horizontal base and rotates about two points at its base, depicted as O and O’ in Figure 
2.6. The rocking block has a height of 2h, width of 2b, rocking radius R, weight W, 
rocking angle α, and center of gravity cg. Assuming small angles of rotation, Housner 
(1963) derived the equation of motion for a rocking block under constant acceleration by 
summing moments about the rotation centers of the structure: 
𝐼𝐼0?̈?𝜃 −𝑊𝑊𝑅𝑅𝜃𝜃 = 𝑊𝑊𝑅𝑅𝑊𝑊𝑔𝑔 −𝑊𝑊𝑅𝑅𝛼𝛼 (2.1)  
 
here, 𝐼𝐼0 is the moment of inertia of a 2D block with an angular acceleration of θ̈, and 
rotation angle θ, and a represents the constant acceleration and g is the acceleration due 
to gravity. Yim et al. (1980) presented the nonlinear version of Housner’s equation: (𝐼𝐼0 + 𝑚𝑚𝑅𝑅2)?̈?𝜃 = 𝑚𝑚𝑊𝑊𝑅𝑅 cos(𝛼𝛼 − |𝜃𝜃|) − 𝜇𝜇𝑔𝑔𝑠𝑠(𝜃𝜃)𝑚𝑚𝑅𝑅𝑔𝑔 sin(𝛼𝛼 − |𝜃𝜃|) (2.2)  
 
where, m is the mass of the block. Equation (2.1) was derived by applying small angle 
theory and assuming a perfectly inelastic state during impact as well as sufficient friction 
such that sliding would not occur. Small angle theory was used such that closed-form 
solutions could be presented and analyzed. Energy loss after each impact was considered 
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in this model in the form of a coefficient of restitution. Housner’s (1963) equation also 
suggests that for a rocking motion to be initiated the ratio of the constant acceleration to 
the acceleration due to gravity must be greater than the rocking angle. 
 
 
 
 
Figure 2.6 Rocking block based on Housner's (1963) study. 
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2.2.2 Yim, Chopra, and Penzien 
Yim, Chopra, and Penzien (1980) built upon Housner’s (1963) work and found 
that the response of an idealized two-dimensional block varied significantly with small 
changes in the block’s size, slenderness, and ground motion parameters. Like Housner 
(1963), Yim et al. (1980) derived their equations of motion via moment equilibrium 
about the centers of rotation of a rigid block resting on a rigid foundation and assumed 
sufficient friction to prevent sliding movement. Conversely, their model included the 
effects of both horizontal and vertical ground accelerations whereas Housner’s did not, as 
well as full non-linearity with respect to block geometry. Yim et al. (1980) ran a fourth-
order Runge-Kutta integration scheme in a computer program to numerically solve the 
equations of motion for several different scenarios. The data they collected was analyzed, 
and it was concluded that the geometric non-linearity and ground motion properties 
significantly affect the rocking response of a freestanding structure. 
2.2.3 Ishiyama 
Previous studies focused only on rocking as the primary response mode for the 
two-dimensional rigid block. However, this assumption changed when Ishiyama (1982) 
derived equations of motion for five modes: sliding, rocking, slide-rocking, sliding-jump, 
and rocking-jump Transition periods between the different responses, including rest, were 
also considered. Ishiyama (1982) developed the equations of motion for a symmetric 
rigid body resting on a rigid foundation and assumed a short impact period. In addition, a 
tangent coefficient of restitution was applied to account for the horizontal impulse during 
impact, which had not been considered previously (Ishiyama, 1982). Rigid body 
dynamics was utilized to derive the equations of motion, which were then included in a 
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computer program to solve the equations numerically. Ishiyama (1982) proposed that to 
prevent a sliding response, the coefficient of static friction must be greater than the ratio 
of the block’s width and height.  
2.2.4 Shenton and Jones 
Past models in the rocking literature assumed that the impact between the rigid 
rocking body and its foundation was planar. Shenton and Jones (1991) disputed this 
assumption and utilized classical impact theory to derive equations for sliding, rocking, 
slide-rocking, and impact. Classical impact theory dictates that impacts must occur at a 
point, the coefficient of restitution is nonzero, and the friction coefficient is finite. 
Additionally, Shenton and Jones (1991) presented the conditions of initiation for slide, 
rock, slide-rock, and free-flight (equivalent to “jump” by Ishiyama (1982)) dynamic 
responses. While Ishiyama (1982) presented the equations of motion for various rigid 
body modes, Shenton and Jones (1991) presented these equations with a more robust 
treatment of the energy dissipation through impact. Shenton and Jones (1991) proposed 
two coupled equations to represent the horizontal and rotational acceleration of a two-
dimensional rectangular block. A full non-linear derivation was presented for the rocking, 
sliding, and slide-rocking equations of motion. In addition, closed-form solutions were 
presented for sinusoidal input motions assuming small angles of rotation.  
2.2.5 Taniguchi 
Taniguchi (2002) built upon the proposed equations of motion from Housner 
(1963) and Yim et al. (1980) to introduce modified equations of motion for a two-
dimensional rigid body subjected to base excitations. Lagrangian mechanics were utilized 
to develop analytical equations of motion for sliding, rocking, and slide-rocking, but free-
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flight was not considered. Taniguchi (2002) assumed a rigid body, rigid foundation, 
Coulomb friction, classical impact dynamics, and no small angles. This study was able to 
determine the conditions during which slide-rocking would begin from a pure sliding 
response mode by determining the reaction forces acting on the block due to rotation and 
inertia. Likewise, the criterion needed to initiate slide-rocking during a rocking mode was 
derived from moment equilibrium between the overturning and resisting moments acting 
on the rigid body. Within this derivation, Taniguchi (2002) introduced an index term, λ, 
to indicate which rocking point (or corner) the rigid body is pivoting around during a 
rocking or slide-rocking response. This term needs to be updated as the rotational angle, 
translational acceleration, and ground acceleration changes, which makes the use of 
standard solvers difficult for current analyses.  
2.2.6 Psycharis 
 Only single-block systems have been considered in the studies discussed in the 
previous subsections. Psycharis (1990) examined the rocking behavior of two-block 
assemblies and found four possible modes: both blocks rock in the same direction, the 
blocks rock in opposite directions, the blocks are in contact with one another and rock 
together as a whole system, or the top block rocks while the bottom block is stationary. 
The equations of motion presented by Psycharis (1990) were derived by implementing 
Newton’s second law to each block individually and by assuming small angles.  
 This study also assumed that sliding would not occur due to sufficient friction, but did 
account for energy loss due to impacts as well as transitions between the four response 
modes. The proposed two-block assembly relies on the alignment of the centers of mass 
for the two blocks, rather than developing equations of motion for unsymmetric 
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assemblies.  
2.3 Three-Dimensional Analytical Methods 
 The authors mentioned in the previous section derived analytical equations to 
describe the two-dimensional planar motion of a freestanding structure experiencing a 
ground motion excitation. However, experimental results have shown that realistic 
structures demonstrate three-dimensional behavior when subjected to ground excitations 
(Purvance, 2005; Konstantinidis and Makris, 2007; Wittich and Hutchinson, 2015). Thus, 
a few researchers have proposed equations of motion that reflect the three-dimensional 
motion of a rectangular prism on a base. First, Konstantinidis and Makris (2007) 
formulated nonlinear equations to describe the motion of a free-rocking rectangular block 
in three dimensions. They presented two approaches for deriving the equations of motion, 
one using a generalized coordinate system to develop Lagrange’s equations of motion, 
while the second used the block’s tensors for rotation and inertia to create first-order 
ordinary differential equations. Neither impact, nor sliding was considered in their 
analysis, and assumptions of a rigid body, as well as a rigid foundation, were used.  
 Later, Chatzis and Smyth (2012a) expanded upon the findings of Konstantinidis 
and Makris (2007) by considering sliding, uplift, and torsion in their three-dimensional 
rocking prism model. Additionally, a deformable base was included in their analysis as 
well as geometric non-linearities. The equations of motions were derived by considering 
six degrees of freedom for the block and developing a general coordinate system. Then, 
Chatzis and Smyth (2012a) implemented Lagrangian mechanics to derive the nonlinear 
differential equations for a three-dimensional block undergoing a ground motion 
excitation. The two authors also presented a model to describe the three-dimensional 
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response of a rigid body on a moveable base by considering uplift, sliding, and rolling 
(Chatzis and Smyth, 2012b). A numerical analysis was conducted to solve the proposed 
analytical equations, and it was found that, under a general input motion, all six degrees 
of freedom were activated, which disputes the common assumption that rocking motion 
can be accurately modeled in two-dimensions (Chatzis and Smyth, 2012b).   
2.4 Two- and Three-Dimensional Numerical Methods 
In addition to two- and three-dimensional analytical methods of modeling the 
dynamic response of a freestanding structure or an assembly, researchers have also used 
experimental methods to better understand the behavior of freestanding objects, or more 
specifically, classical columns. Classical columns are marble drums that are stacked on 
top of one another without the use of mortar (see Figure 2.1) (Papantonopoulos et al., 
2002). These assemblies were analyzed numerically via UDEC and 3DEC, which are two 
software programs that utilize the distinct element method (Itasca, 2019). UDEC is a two-
dimensional analysis software and was used by Psycharis et al. (2000) in a parametric 
study that examined a classical column subjected to earthquake excitations. They found 
that the joints between the column drums sustained the most displacement and was 
incredibly sensitive to contact parameters like stiffness, friction, and damping (Psycharis 
et al., 2000).  
Another study, by Papantonopoulos et al. (2002), built upon the parametric 
analysis done by Psycharis et al. (2000) and modeled a multi-drum classical column in 
3DEC by assuming rigid bodies, Rayleigh damping, multiple-contact points, and 
accounted for both sliding and rocking behavior. The goal of this study was to predict the 
seismic response of classical columns to preserve historical monuments. For 
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Papantonopoulos et al.’s (2002) analysis, stiffness values were needed for three directions 
of movement as well as a friction angle, and level of damping. It was found that the 
response of the model was very sensitive to changes in the previously described 
parameters, especially damping. Relative displacement time histories for different levels 
of damping are presented in Figure 2.7. The modeled stone drum underwent significantly 
more displacement at the capital under zero damping compared to a damping level of 
0.010. By changing the level of damping, the response of the 3DEC model changed 
substantially. This finding was further supported by another study done by Psycharis et 
al. (2003), who used 3DEC to model a portion of the Parthenon Pronaos. Both studies 
estimated the contact parameters used in 3DEC and found high variability in the 
numerical response, limiting the applicability of these methods without experimentation 
for calibration.  
 
 
 
 
 
 
18 
 
(a) 
 
(b) 
 
(c) 
Figure 2.7 Displacement of column capital in the longitudinal direction under the 
Kalamata earthquake record: (a) zero damping, (b) 0.005 damping, (c) 0.010 
damping (Papantonopoulos et al., 2002). 
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2.5 Probabilistic Approaches 
 The data gathered by modeling the dynamic response of a freestanding structure 
can be used in a probabilistic framework to predict the structure’s behavior under 
different site and motion conditions. Shi et al. (1996) verified that peak horizontal 
acceleration has a high contribution in the overturning behavior of rocking structures by 
comparing numerical data with limited shake table results. Later studies by Purvance et 
al. (2008a, 2008b) suggested that a precariously balanced rock’s (PBR) overturning 
fragility may be better predicted as a function of multiple, or a vector of, ground motion 
intensity measures (IMs), which are parameters that relate seismic hazard to structural 
demand. Their studies examined the failure probabilities, with respect to rocking 
demands, of PBRs in southern California using peak ground acceleration (PGA), peak 
ground velocity (PGV), and spectral acceleration as IMs. First, the dynamic responses of 
sample asymmetric and symmetric blocks were determined via a fourth-order Runge-
Kutta method to numerically solve Houser’s (1963) equations of motion. Overturning 
fragilities were developed based upon the numerical results. The numerical results were 
compared against shake-table experiments that utilized a number of different blocks, a 
handful of earthquake excitations, and no-slip boundary conditions. Purvance et al. 
(2008a) found strong agreement between the calculated fragilities and the shake-table 
results, but only for the sample blocks with simple base configurations. The test 
structures with more complex contact points, which were meant to represent PBRs, were 
more fragile than the overturning fragilities had predicted (Purvance et al., 2008a). 
However, the study concluded that these blocks behaved similarly to more slender blocks 
with simple basal contact conditions.  
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In a similar approach as Purvance et al. (2008a), Baker et al. (2013) utilized a 
fragility function and estimated age of a PBR to constrain the seismic hazard at a given 
site. A procedure was developed using previously defined vector fragility functions for 
PGA and PGV/PGA to determine unexceeded ground motions, which can be used to 
verify seismic hazard curves over long periods (Baker et al., 2013). This procedure was 
used for a PBR located in Yucca Mountain, NV, and PGV-based fragility curves, as a 
function of magnitude, were generated (Figure 2.8). In another approach, dimensionless, 
orientationless, vector fragility curves were developed based on the rocking response of 
two-dimensional blocks subjected to synthetic, near-fault earthquake excitations 
(Dimitrakopoulos and Paraskeva, 2015). The proposed vector IMs were based on 
dimensionless combinations of PGA, PGV, predominant period, and mean period with 
frequency, block geometry parameters, and gravitational acceleration. The authors 
discovered that the peak response for non-overturning structures plotted against a set of 
vector IMs followed a biplanar distribution, see Figure 2.9. In addition, Dimitrakopoulos 
and Paraskeva’s (2015) analysis proved that the overturning response of a rocking 
structure primarily depends on the velocity of the ground excitation.  
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Figure 2.8 Variation of the PGV-based fragilities, as a function of magnitude (Baker 
et al., 2013) 
 
 
 
 
Figure 2.9 Three-dimensional plot of 'safe-rocking' results for synthetic ground 
motions (Dimitrakopoulos & Paraskeva, 2015) 
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2.6 Scope and Contribution 
Despite multiple analytical and experimental studies being conducted on two-
dimensional rigid body dynamics, there is a relative lack of probabilistic approaches. 
Current probabilistic methods have utilized fragility curves to predict the ground motion 
intensity measure (IM) levels at which a rigid body is most likely to overturn, but these 
fragilities have been developed considering a fairly limited set of IMs that are not 
necessarily optimal for the multi-modal response of a freestanding structure (i.e., PGA, 
PGV, and spectral acceleration). Additionally, fragilities determined by Dimitrakopoulos 
and Paraskeva (2015) as well as Purvance et al. (2008a), only consider rocking behavior 
as a structural demand measure. Not considering other IMs or sliding responses in 
probabilistic relationships for rigid body dynamics limits the predictability of current 
methods. To this end, this thesis aims to identify strong, probabilistic relationships 
between both the sliding and rocking responses of two-dimensional rigid bodies by 
examining multiple IMs.  
First, equations of motion that analytically model the dynamic behavior of a 2D 
block subjected to earthquake excitations are derived in Chapter 3. This section includes 
equations for sliding, rocking, and slide-rocking, as well as their corresponding initiation 
equations. The assumptions utilized herein include rigid body dynamics, Coulomb 
friction, instantaneous impact during rocking and slide-rocking modes, and no small 
angles. These equations will be used to produce numerical results for the response of a set 
of two-dimensional blocks under earthquake loads in Chapter 4. While three-dimensional 
approaches have been presented in the literature, this study is limited to two-dimensions 
to isolate the rocking and sliding modes for an efficient identification of optimal intensity 
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measures. Next, the response data will be incorporated into an IM study to identify 
probabilistic relationships between scalar, or vector IMs, and the rotational and 
translational displacement response of the block. Later, in Chapter 5, a case study will be 
discussed to demonstrate the applicability of the probabilistic models to a precariously 
balanced rock analysis. Finally, the future work of this thesis and concluding statements 
will be presented in Chapter 6. 
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CHAPTER 3 – EQUATIONS OF MOTION FOR TWO-
DIMENSIONAL SLIDE-ROCKING FREESTANDING 
STRUCTURES 
Precariously balanced rocks (PBRs) can be treated as rigid freestanding 
structures, which are unanchored or unattached to their base. Freestanding structures 
respond to base excitation, including earthquakes, in four primary response modes, which 
include pure rocking, pure sliding, slide-rocking, and free-flight – each of which can lead 
to overturning or failure of the structure. Although PBRs are complex, three-dimensional 
structures, a two-dimensional block is analyzed herein so that the salient features of the 
dynamic response can be studied in the subsequent chapters. Figure 3.1 presents a 
schematic of the general two-dimensional freestanding block.  
 
 
 
Figure 3.1 General sign convention for 2D rigid block. 
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From the diagram, rotation of the rigid body, θ, is considered positive in the 
clockwise direction, and translational displacement, x, is positive to the right. The 
geometry of the freestanding structure is described: B is the base length, H is the height, 
R is the distance from one rocking point to the centroid, m is the mass, I is the moment of 
inertia, 𝜇𝜇𝑠𝑠 is the coefficient of static friction, 𝜇𝜇𝑘𝑘 is the coefficient of kinetic friction, and α 
is the critical angle or slenderness. The terms ?̈?𝑥𝑔𝑔and ?̈?𝑦𝑔𝑔 represent the horizontal and 
vertical acceleration components of the ground, respectively. Finally, 𝑅𝑅𝑥𝑥 and 
𝑅𝑅𝑦𝑦 correspond to the reaction forces acting on the rigid body with respect to the x- and y-
directions. The unique equations of motion for each response mode were derived in a 
Lagrangian formulation and are detailed in the following sections. While previous studies 
have presented the equations of motion for the two-dimensional freestanding block, the 
derivation contained herein is unique. Specifically, the sign convention differs from 
previous studies to represent both positive and negative rotations as a single variable, 
which enables streamlined programming.  
3.1 Sliding 
A sliding response is initiated from rest when the force on the block due to the 
horizontal ground acceleration exceeds the frictional resistance at the base. This can be 
expressed by the following initiation equation: 
𝜇𝜇𝑠𝑠�𝑔𝑔 + ?̈?𝑦𝑔𝑔� < �?̈?𝑥𝑔𝑔� (3.1)  
 
The g term represents gravitational acceleration, ?̈?𝑦𝑔𝑔is the vertical acceleration component 
of a ground motion record, whereas ?̈?𝑥𝑔𝑔 represents the horizontal acceleration component, 
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and 𝜇𝜇𝑠𝑠 is the coefficient of static friction. This thesis’ sign convention indicates that 
translational displacement towards the right is positive and displacement towards the left 
is negative. Once the block is in motion, the dynamic sliding of the block is a function of 
the horizontal ground acceleration and the reduced frictional resistance. Therefore, the 
equation of motion becomes: 
?̈?𝑥 = −?̈?𝑥𝑔𝑔 − 𝜇𝜇𝑘𝑘𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(?̇?𝑥)�𝑔𝑔 + ?̈?𝑦𝑔𝑔� (3.2)  
 
Here, the 𝜇𝜇𝑘𝑘 term is the coefficient of kinetic friction, since the block is now in motion, 
and ?̈?𝑥 and ?̇?𝑥 are the translational acceleration and velocity of the center of mass of the 
rigid block. The sliding response will stop once the relative velocity between the ground 
and the block reaches zero. However, sliding response can initiate at a subsequent time 
instant during a ground motion should Equation (3.1) become satisfied.  
3.2 Rocking 
A pure rocking response is initiated when the overturning moment acting at the 
rocking point of the rigid body exceeds the resisting moment acting at the same point, 
given that there is sufficient friction present to prevent sliding.  
�𝑔𝑔 + ?̈?𝑦𝑔𝑔� tan𝛼𝛼 <  �?̈?𝑥𝑔𝑔� (3.3)  
 
This response criterion is similar to the condition needed to initiate a sliding response 
except the critical angle of the rigid body is included, α (see Figure 3.1). In order to set up 
the equation of motion for the pure rocking case, the Lagrangian of the system must be 
found. In order to do so, the translational, vertical, and rotational displacements of a 
freestanding structure free to uplift about its base are formulated:  
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𝑇𝑇𝑟𝑟𝑊𝑊𝑠𝑠𝜇𝜇𝑟𝑟𝑊𝑊𝑡𝑡𝑠𝑠𝑟𝑟𝑠𝑠𝑊𝑊𝑟𝑟: 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)[𝑅𝑅 sin𝛼𝛼 − 𝑅𝑅 sin(𝛼𝛼 − |𝜃𝜃|)] (3.4)  
 
𝑉𝑉𝑉𝑉𝑟𝑟𝑡𝑡𝑠𝑠𝑉𝑉𝑊𝑊𝑟𝑟: 𝑅𝑅 cos(𝛼𝛼 − |𝜃𝜃|) − 𝑅𝑅 cos𝛼𝛼 (3.5)  
 
𝑅𝑅𝑟𝑟𝑡𝑡𝑊𝑊𝑡𝑡𝑠𝑠𝑟𝑟𝑠𝑠𝑊𝑊𝑟𝑟: 𝜃𝜃 (3.6)  
 
where R is the distance from one bottom corner of the block to its centroid. The signum 
function and the absolute value of θ included in the translational and vertical terms are to 
account for both positive and negative angular rotation. Provided the displacements in 
Equations (3.4) – (3.6), the displacements are differentiated to determine the velocities in 
each direction. 
𝑇𝑇𝑟𝑟𝑊𝑊𝑠𝑠𝜇𝜇𝑟𝑟𝑊𝑊𝑡𝑡𝑠𝑠𝑟𝑟𝑠𝑠𝑊𝑊𝑟𝑟: 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑅𝑅 𝜃𝜃?̇?𝜃 cos(𝛼𝛼 − |𝜃𝜃|)|𝜃𝜃| = 𝑅𝑅?̇?𝜃 cos(𝛼𝛼 − |𝜃𝜃|) (3.7)  
 
𝑉𝑉𝑉𝑉𝑟𝑟𝑡𝑡𝑠𝑠𝑉𝑉𝑊𝑊𝑟𝑟: 𝑅𝑅 𝜃𝜃?̇?𝜃 sin(𝛼𝛼 − |𝜃𝜃|)|𝜃𝜃| = 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑅𝑅?̇?𝜃 sin(𝛼𝛼 − |𝜃𝜃|) (3.8)  
 
𝑅𝑅𝑟𝑟𝑡𝑡𝑊𝑊𝑡𝑡𝑠𝑠𝑟𝑟𝑠𝑠𝑊𝑊𝑟𝑟: ?̇?𝜃 (3.9)  
 
The Lagrangian formulation comes from Hamiltonian dynamics and summarizes the 
dynamic properties of a system using its total kinetic and potential energies:  
𝐿𝐿 = 𝑇𝑇 − 𝑉𝑉  
where, L is the Lagrangian and T and V are the total kinetic and potential energies of the 
freestanding structure, respectively. The kinetic energy is comprised of two translational 
velocity terms, for the translational and vertical directions of motion, and one rotational 
velocity term.  
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𝑇𝑇 = 12𝑚𝑚�𝑅𝑅?̇?𝜃 cos(𝛼𝛼 − |𝜃𝜃|)�2 + 12𝑚𝑚�𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑅𝑅?̇?𝜃 sin(𝛼𝛼 − |𝜃𝜃|)�2 + 12 𝐼𝐼?̇?𝜃2 
 
= 12 ?̇?𝜃2(𝑚𝑚𝑅𝑅2 + 𝐼𝐼) 
 
(3.10)  
The potential energy of the freestanding structure is dependent on the vertical distance 
between the center of gravity and the foundation. 
𝑉𝑉 = 𝑚𝑚𝑔𝑔[𝑅𝑅 cos(𝛼𝛼 − |𝜃𝜃|) − 𝑅𝑅 cos𝛼𝛼] (3.11)  
 
After defining the total kinetic and potential energies of the freestanding system, the 
Lagrangian can be constructed: 
𝐿𝐿 = 12 ?̇?𝜃2(𝑚𝑚𝑅𝑅2 + 𝐼𝐼) −𝑚𝑚𝑔𝑔[𝑅𝑅 cos(𝛼𝛼 − |𝜃𝜃|) − 𝑅𝑅 cos(𝛼𝛼 − |𝜃𝜃|)] (3.12)  
 
Here, the constants m and I are the mass of the block and moment of inertia, respectively 
(see Figure 3.1). After the Lagrangian has been set up, the work done by the non-
conservative forces on the system are quantified and set equal to the time derivative of 
the partial derivative of the Lagrangian with respect to angular velocity minus the partial 
derivative of the Lagrangian with respect to rotation. These partial derviative terms are 
provided below: 
𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝜕𝜕𝐿𝐿
𝜕𝜕?̇?𝜃
� = ?̈?𝜃(𝑚𝑚𝑅𝑅2 + 𝐼𝐼) (3.13)  
 
𝜕𝜕𝐿𝐿
𝜕𝜕𝜃𝜃
= 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑚𝑚𝑔𝑔𝑅𝑅 sin(𝛼𝛼 − |𝜃𝜃|) (3.14)  
 
In the above equation, the rotational motion of the block is represented by ?̈?𝜃, the angular 
acceleration, and θ, the rotational displacement. Since this is a pure rocking response, the 
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only non-conservative force acting on the system is from the acceleration of the ground. 
𝑄𝑄𝑛𝑛𝑛𝑛,𝑔𝑔𝑔𝑔𝑔𝑔𝑎𝑎𝑛𝑛𝑑𝑑 𝑚𝑚𝑛𝑛𝑛𝑛𝑎𝑎𝑎𝑎𝑎𝑎𝑔𝑔𝑚𝑚𝑎𝑎𝑖𝑖𝑔𝑔𝑛𝑛 = −𝑚𝑚?̈?𝑥𝑔𝑔𝑅𝑅 cos(𝛼𝛼 − |𝜃𝜃|) (3.15)  
 
Therefore, the Lagrange’s Equations become: 
𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝜕𝜕𝐿𝐿
𝜕𝜕?̇?𝜃
�  −  𝜕𝜕𝐿𝐿
𝜕𝜕𝜃𝜃
= 𝑄𝑄𝑛𝑛𝑛𝑛 (3.16)  
 
?̈?𝜃(𝑚𝑚𝑅𝑅2 + 𝐼𝐼) + 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑚𝑚𝑔𝑔𝑅𝑅 sin(𝛼𝛼 − |𝜃𝜃|) = −𝑚𝑚𝑥𝑥?̈?𝑔𝑅𝑅 cos(𝛼𝛼 − |𝜃𝜃|) (3.17)  
 
Solving for the angular acceleration term in Equation (3.17) yields the angular 
acceleration of a block undergoing a pure rocking response due to the acceleration of the 
ground.  
?̈?𝜃 = 𝑚𝑚𝑅𝑅
𝑚𝑚𝑅𝑅2 + 𝐼𝐼 �−𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑔𝑔 sin(𝛼𝛼 − |𝜃𝜃|) − ?̈?𝑥𝑔𝑔 cos(𝛼𝛼 − |𝜃𝜃|)]  (3.18)  
 
When a block is under pure rocking motion it pivots around one rocking point at a time 
then switches to the corresponding corner, which causes an impact between the block and 
its foundation, causing energy to dissipate from the system. Assuming that the impact is 
instantaneous (Housner 1963, Shenton and Jones 1996, Taniguchi 2002, and many 
others), a coefficient of restitution can be used to reduce the angular velocity of the block 
and reflect the energy lost due to the impact:  
?̇?𝜃𝑛𝑛+1 = 𝑟𝑟?̇?𝜃𝑛𝑛 (3.19)  
 
Here, ?̇?𝜃𝑛𝑛+1 is the angular velocity of the block immediately after the impact, ?̇?𝜃𝑛𝑛 is the 
angular velocity of the block just before the impact, and r is the coefficient of restitution, 
which is determined through conservation of angular momentum just before and just after 
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the impact: 
𝑟𝑟 = �1 − 32 sin2 𝛼𝛼�2 (3.20)  
 
3.3 Slide-Rocking 
Slide-rocking is characterized by simultaneous slip and uplift, and is also referred 
to as rock-slide. This mode can be initiated from rest or from a sliding or rocking 
response. For this study, it was assumed that once slide-rocking begins, the rigid body 
stays in this mode until it overturns or the input ground motion ends. This assumption is 
valid since the slide-rocking equations of motion can represent pure sliding and pure 
rocking responses, as well.  
To begin sliding during rocking, the horizontal force acting on the rocking body 
must exceed the frictional resistance at the point of rocking. Given that the body is 
assumed to be in a rotated configuration, the horizontal and vertical forces acting on the 
body must first be formulated. To this end, the accelerations in the horizontal and vertical 
directions are:  
𝐻𝐻𝑟𝑟𝑟𝑟𝑠𝑠𝐻𝐻𝑟𝑟𝑠𝑠𝑡𝑡𝑊𝑊𝑟𝑟: 𝑅𝑅?̈?𝜃𝑉𝑉𝑟𝑟𝜇𝜇(𝛼𝛼 − |𝜃𝜃|) + 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑅𝑅?̇?𝜃2 sin(𝛼𝛼 − |𝜃𝜃|) (3.21)  
 
𝑉𝑉𝑉𝑉𝑟𝑟𝑡𝑡𝑠𝑠𝑉𝑉𝑊𝑊𝑟𝑟: 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑅𝑅?̈?𝜃 sin(𝛼𝛼 − |𝜃𝜃|) − 𝑅𝑅?̇?𝜃2 cos(𝛼𝛼 − |𝜃𝜃|) (3.22)  
 
where θ, θ̇, θ̈ are the angular displacement, velocity, and acceleration of the block, m is 
the mass, R is the rocking radius, α is the critical angle, ?̈?𝑥𝑔𝑔 and ?̈?𝑦𝑔𝑔 are the horizontal and 
vertical components of the ground acceleration, and g is the acceleration due to gravity. 
Note that these equations are the derivatives of Equations (3.7) and (3.8) above. 
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Equations of static equilibrium are used to solve for the reaction forces in the x- and y-
directions, Rx and Ry: 
𝑅𝑅𝑥𝑥 = 𝑚𝑚?̈?𝑥𝑔𝑔 − 𝑚𝑚?̈?𝑥 (3.23)  
 
𝑅𝑅𝑦𝑦 = 𝑚𝑚�?̈?𝑦𝑔𝑔 + 𝑔𝑔� − 𝑚𝑚?̈?𝑦 (3.24)  
 
The acceleration equations can be substituted into Equations (3.23) and (3.24), which will 
yield the final equations for 𝑅𝑅𝑥𝑥 and 𝑅𝑅𝑦𝑦: 
𝑅𝑅𝑥𝑥 = 𝑚𝑚?̈?𝑥𝑔𝑔 − 𝑚𝑚𝑅𝑅?̈?𝜃𝑉𝑉𝑟𝑟𝜇𝜇(𝛼𝛼 − |𝜃𝜃|) + 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑚𝑚𝑅𝑅?̇?𝜃2 sin(𝛼𝛼 − |𝜃𝜃|) (3.25)  
 
𝑅𝑅𝑦𝑦 = 𝑚𝑚�?̈?𝑦𝑔𝑔 + 𝑔𝑔� − 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑚𝑚𝑅𝑅?̈?𝜃 sin(𝛼𝛼 − |𝜃𝜃|) −𝑚𝑚𝑅𝑅?̇?𝜃2 cos(𝛼𝛼 − |𝜃𝜃|) (3.26)  
 
Provided the reaction forces at the base of the rotated block, the equation for initiation of 
sliding during rocking can be formulated:  
�
𝑅𝑅𝑥𝑥
𝑅𝑅𝑦𝑦
� > 𝜇𝜇𝑠𝑠 (3.27)  
 
which can be shown in its expanded form as: 
�
𝑚𝑚?̈?𝑥𝑔𝑔−𝑚𝑚𝑚𝑚?̈?𝜃 cos(𝛼𝛼−|𝜃𝜃|)+𝑠𝑠𝑖𝑖𝑔𝑔𝑛𝑛(𝜃𝜃)𝑚𝑚𝑚𝑚?̇?𝜃2 sin(𝛼𝛼−|𝜃𝜃|)
𝑚𝑚�?̈?𝑦𝑔𝑔+𝑔𝑔�−𝑠𝑠𝑖𝑖𝑔𝑔𝑛𝑛(𝜃𝜃)𝑚𝑚𝑚𝑚?̈?𝜃 sin(𝛼𝛼−|𝜃𝜃|)−𝑚𝑚𝑚𝑚?̇?𝜃2 cos(𝛼𝛼−|𝜃𝜃|)� − 𝜇𝜇𝑠𝑠 = 0  
 
(3.28)  
where μs is the coefficient of static friction.  
In addition, slide-rocking can initiate from a sliding mode, where the conditions 
needed to initiate this come from a variation of Equation (3.3). Recall that rocking will 
initiate from rest when the overturning moment from the ground’s acceleration exceeds 
the restoring moment due to the block’s weight. Therefore, rocking will initiate from a 
sliding mode when the overturning moment exceeds the restoring moment. However, the 
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overturning moment is now also a function of the block’s translational acceleration. The 
addition of this term yields the following initiation equation:   
�𝑔𝑔 + ?̈?𝑦𝑔𝑔� tan𝛼𝛼 < �?̈?𝑥 + ?̈?𝑥𝑔𝑔� (3.29)  
 
The overall governing equations of motion for slide-rocking were derived in a 
Lagrangian formulation, similar to the previous derivations done for rocking. For this 
case, equations for both translational and rotational movement are needed to represent a 
block’s dynamic response. Like before, the translational, vertical and rotational 
displacements for a block that can rotate and slide are: 
𝑇𝑇𝑟𝑟𝑊𝑊𝑠𝑠𝜇𝜇𝑟𝑟𝑊𝑊𝑡𝑡𝑠𝑠𝑟𝑟𝑠𝑠𝑊𝑊𝑟𝑟: 𝑥𝑥 + 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)[𝑅𝑅 sin𝛼𝛼 − 𝑅𝑅 sin(𝛼𝛼 − |𝜃𝜃|)] (3.30)  
 
𝑉𝑉𝑉𝑉𝑟𝑟𝑡𝑡𝑠𝑠𝑉𝑉𝑊𝑊𝑟𝑟: 𝑅𝑅 cos(𝛼𝛼 − |𝜃𝜃|) − 𝑅𝑅 cos𝛼𝛼 (3.31)  
 
𝑅𝑅𝑟𝑟𝑡𝑡𝑊𝑊𝑡𝑡𝑠𝑠𝑟𝑟𝑠𝑠𝑊𝑊𝑟𝑟:𝜃𝜃 (3.32)  
 
Again, the signum function and absolute value of θ account for both positive and negative 
angular rotation. Next, these displacements are differentiated to find the corresponding 
velocities: 
𝑇𝑇𝑟𝑟𝑊𝑊𝑠𝑠𝜇𝜇𝑟𝑟𝑊𝑊𝑡𝑡𝑠𝑠𝑟𝑟𝑠𝑠𝑊𝑊𝑟𝑟: ?̇?𝑥 + 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑅𝑅 𝜃𝜃?̇?𝜃 cos(𝛼𝛼 − |𝜃𝜃|)|𝜃𝜃| = ?̇?𝑥 + 𝑅𝑅?̇?𝜃 cos(𝛼𝛼 − |𝜃𝜃|) (3.33)  
 
𝑉𝑉𝑉𝑉𝑟𝑟𝑡𝑡𝑠𝑠𝑉𝑉𝑊𝑊𝑟𝑟: 𝑅𝑅 𝜃𝜃?̇?𝜃 sin(𝛼𝛼 − |𝜃𝜃|)|𝜃𝜃| = 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑅𝑅?̇?𝜃 sin(𝛼𝛼 − |𝜃𝜃|) (3.34)  
 
𝑅𝑅𝑟𝑟𝑡𝑡𝑊𝑊𝑡𝑡𝑠𝑠𝑟𝑟𝑠𝑠𝑊𝑊𝑟𝑟: ?̇?𝜃 (3.35)  
 
These velocities can be used to find the total kinetic and potential energies of the system, 
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which in turn form the Lagrangian:  
𝑇𝑇 = 12𝑚𝑚�?̇?𝑥 + 𝑅𝑅?̇?𝜃 cos(𝛼𝛼 − |𝜃𝜃|)�2 + 12𝑚𝑚�𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑅𝑅?̇?𝜃 sin(𝛼𝛼 − |𝜃𝜃|)�2 + 12 𝐼𝐼?̇?𝜃2 = 12𝑚𝑚?̇?𝑥2 + 𝑚𝑚𝑅𝑅?̇?𝜃?̇?𝑥 cos(𝛼𝛼 − |𝜃𝜃|) + 12 ?̇?𝜃2(𝑚𝑚𝑅𝑅2 + 𝐼𝐼) (3.36)  
 
𝑉𝑉 = 𝑚𝑚𝑔𝑔[𝑅𝑅 cos(𝛼𝛼 − |𝜃𝜃|) − 𝑅𝑅 cos𝛼𝛼] (3.37)  
 
𝐿𝐿 = 𝑇𝑇 − 𝑉𝑉 
𝐿𝐿 = 12𝑚𝑚?̇?𝑥2 + 𝑚𝑚𝑅𝑅?̇?𝜃?̇?𝑥 cos(𝛼𝛼 − |𝜃𝜃|) + 12 ?̇?𝜃2(𝑚𝑚𝑅𝑅2 + 𝐼𝐼)
−𝑚𝑚𝑔𝑔[𝑅𝑅 cos(𝛼𝛼 − |𝜃𝜃|) − 𝑅𝑅 cos𝛼𝛼] (3.38)  
 
The Lagrangian of the system will be used to solve for partial derivatives with respect to 
translational motion and rotation. Once the partial derivatives are found, they are set 
equal to the work done by non-conservative forces in the x and θ directions to form 
Lagrange’s Equations. First, the partial derivative with respect to the translational 
direction is computed as follows:  
𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝜕𝜕𝐿𝐿
𝜕𝜕?̇?𝑥
� = 𝑚𝑚?̈?𝑥 + 𝑚𝑚𝑅𝑅�cos(𝛼𝛼 − |𝜃𝜃|)?̈?𝜃 + 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃) sin(𝛼𝛼 − |𝜃𝜃|)𝜃𝜃2̇� 
 
(3.39)  
𝜕𝜕𝐿𝐿
𝜕𝜕𝑥𝑥
= 0 
 
(3.40)  
The two non-conservative forces acting on the system in the horizontal direction are the 
forces due to the ground acceleration and friction. The work done by non-conservative 
forces on the sliding system are defined as: 
𝑄𝑄𝑛𝑛𝑛𝑛,𝑔𝑔𝑔𝑔𝑔𝑔𝑎𝑎𝑛𝑛𝑑𝑑 𝑚𝑚𝑛𝑛𝑛𝑛𝑎𝑎𝑎𝑎𝑎𝑎𝑔𝑔𝑚𝑚𝑎𝑎𝑖𝑖𝑔𝑔𝑛𝑛 = −𝑚𝑚?̈?𝑥𝑔𝑔 (3.41)  
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𝑄𝑄𝑛𝑛𝑛𝑛,𝑓𝑓𝑔𝑔𝑖𝑖𝑛𝑛𝑎𝑎𝑖𝑖𝑔𝑔𝑛𝑛 = −𝜇𝜇𝑘𝑘𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(?̇?𝑥)�𝑚𝑚�𝑔𝑔 + ?̈?𝑦𝑔𝑔�
− 𝑚𝑚𝑅𝑅?̇?𝜃2 cos(𝛼𝛼 − |𝜃𝜃|) +𝑚𝑚𝑅𝑅?̈?𝜃 sin(𝛼𝛼 − |𝜃𝜃|)� (3.42)  
 
The work done by friction forces on the freestanding structure can be simplified into a 
single term: 
𝑄𝑄𝑛𝑛𝑛𝑛,𝑓𝑓𝑔𝑔𝑖𝑖𝑛𝑛𝑎𝑎𝑖𝑖𝑔𝑔𝑛𝑛 = −𝐹𝐹  
In this equation, the direction of the block’s velocity, ?̇?𝑥, determines the sign of the 
frictional force. Combining terms and forming Lagrange’s Equations yields: 
𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝜕𝜕𝐿𝐿
𝜕𝜕?̇?𝜃
�  −  𝜕𝜕𝐿𝐿
𝜕𝜕𝜃𝜃
= 𝑄𝑄𝑛𝑛𝑛𝑛 
𝑚𝑚?̈?𝑥 + 𝑚𝑚𝑅𝑅�cos(𝛼𝛼 − |𝜃𝜃|) ?̈?𝜃 + 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃) sin(𝛼𝛼 − |𝜃𝜃|)𝜃𝜃2̇� = −𝑚𝑚?̈?𝑥𝑔𝑔 − 𝐹𝐹 (3.43)  
 
Rearranging this equation gives the translational acceleration response of a rigid body 
undergoing slide-rocking: 
?̈?𝑥 = −𝑅𝑅�cos(𝛼𝛼 − |𝜃𝜃|) ?̈?𝜃 + 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃) sin(𝛼𝛼 − |𝜃𝜃|)𝜃𝜃2̇� − ?̈?𝑥𝑔𝑔 − 𝐹𝐹𝑚𝑚 (3.44)  
 
Now, the same process will be performed but with partial derivatives taken with respect 
to forces in the rotational direction: 
𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝜕𝜕𝐿𝐿
𝜕𝜕?̇?𝜃
� = ?̈?𝜃(𝑚𝑚𝑅𝑅2 + 𝐼𝐼)+ 𝑚𝑚𝑅𝑅�cos(𝛼𝛼 − |𝜃𝜃|) ?̈?𝑥 + 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃) sin(𝛼𝛼 − |𝜃𝜃|) ?̇?𝑥?̇?𝜃� (3.45)  
 
𝜕𝜕𝐿𝐿
𝜕𝜕𝜃𝜃
= 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑚𝑚𝑅𝑅�sin(𝛼𝛼 − |𝜃𝜃|) ?̇?𝑥?̇?𝜃 − 𝑔𝑔 sin(𝛼𝛼 − |𝜃𝜃|)� 
 
(3.46)  
The work done by non-conservative forces in the rotational direction comes only from 
the input ground acceleration: 
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Combining terms and forming the Lagrange’s Equations yields: 
𝑑𝑑
𝑑𝑑𝑡𝑡
�
𝜕𝜕𝐿𝐿
𝜕𝜕?̇?𝜃
�  −  𝜕𝜕𝐿𝐿
𝜕𝜕𝜃𝜃
= 𝑄𝑄𝑛𝑛𝑛𝑛 
?̈?𝜃(𝑚𝑚𝑅𝑅2 + 𝐼𝐼) + 𝑚𝑚𝑅𝑅 cos(𝛼𝛼 − |𝜃𝜃|) ?̈?𝑥 + 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑚𝑚𝑅𝑅𝑔𝑔 sin(𝛼𝛼 − |𝜃𝜃|) = 
−𝑚𝑚?̈?𝑥𝑔𝑔𝑅𝑅 cos(𝛼𝛼 − |𝜃𝜃|) (3.48)  
 
Solving for ?̈?𝜃 in the above equation yields the angular acceleration response during slide-
rocking: 
?̈?𝜃 = 𝑚𝑚𝑅𝑅
𝑚𝑚𝑅𝑅2 + 𝐼𝐼 �− cos(𝛼𝛼 − |𝜃𝜃|) ?̈?𝑥 − 𝜇𝜇𝑠𝑠𝑔𝑔𝑠𝑠(𝜃𝜃)𝑔𝑔 sin(𝛼𝛼 − |𝜃𝜃|)
− ?̈?𝑥𝑔𝑔 cos(𝛼𝛼 − |𝜃𝜃|)]  (3.49)  
 
Slide-rocking motion is a combination of both sliding and rocking; thus, the 
principles of those two modes also apply during slide-rocking (i.e. impact and 
restitution). For example, a body still experiences impacts and may overturn if the angle 
of rotation is sufficiently large. For a pure rocking mode, energy dissipation and 
restitution only affect the magnitude of the angular velocity after an impact event (see 
Equation (3.19)), but for a slide-rocking case, both the translational velocity and the 
angular velocity would be reduced after an impact. Therefore, the angular velocity would 
be reduced according to Equations (3.19) and (3.20), while the translational velocity 
would be reduced according to (Shenton and Jones, 1991): 
?̇?𝑥𝑛𝑛+1 = 𝑟𝑟ℎ?̇?𝜃𝑛𝑛 (3.50)  
 
Here, ?̇?𝑥𝑛𝑛+1 is the translational velocity of the block after impact, r is the coefficient of 
restitution (Equation (3.20)), ?̇?𝜃𝑛𝑛 is the angular velocity of the block before impact, and H 
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is the height of the block.  
The equations of motion for slide-rocking, under specific conditions, represent a 
pure sliding or rocking response. If the acceleration in the x-direction is set to zero in 
Equation (3.49), it simplifies to Equation (3.18), which is the equation of motion for pure 
rocking. Similarly, if the all the theta terms in Equation (3.44) are set equal to zero, the 
equation is reduced to the sliding response from Equation (3.2). Therefore, if the slide-
rocking response is initiated, it is possible for the rigid body to go into pure rocking or 
pure sliding. As a result, it is assumed that the slide-rocking equations of motion govern 
the response of freestanding structures once this mode is initiated, and there is no need to 
formulate initiation equations for sliding or rocking from the slide-rocking mode.  
3.4 Implementation 
The equations of motion, as derived in the previous sub-sections, were integrated 
into a comprehensive MATLAB code, which requires five inputs: ground acceleration 
(?̈?𝑥𝑔𝑔 and ?̈?𝑦𝑔𝑔), static and kinetic friction coefficients (𝜇𝜇𝑠𝑠 and 𝜇𝜇𝑘𝑘), the base length (B), and 
height (H) of the rigid block (MathWorks, 2019). Equations (3.1) and (3.3) determine the 
initial mode of response: sliding or rocking. Then, depending upon which response is 
triggered, the corresponding equations of motion are integrated to calculate the dynamic 
response of the block. The equations of motion are integrated using a 4th-5th order Runge 
Kutta time stepping scheme. At every time step, the inequalities in Equations (3.28) and 
(3.29) are checked to determine if the equation of motion for integration needs to reflect 
the slide-rocking mode. In addition, the computed angular displacement time history is 
checked at each time step to identify if an impact event has occurred by detecting a sign 
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change of the angular displacement. At these instances, restitution is applied using 
Equations (3.19) and (3.20) for pure rocking cases and using Equations (3.19), (3.20), 
and (3.50) for slide-rocking cases. After restitution is applied, the integration continues 
using the updated angular and translational velocity values. The integration is stopped if 
overturning is identified or the motion has sufficiently decayed after the end of the 
ground acceleration. Figure 3.2 below depicts the process for the comprehensive 
MATLAB code.  
In the figure, ODE refers to an ordinary differential equation and EOM represents 
equation of motion. The entire code is comprised of seven functions, with the primary 
function being Freestanding2D. The inputs are supplied to the primary function and the 
response modes are flagged such that the correct equation of motion is integrated. The 
three equations of motion for each response mode are defined in sub-functions, which are 
subsequently integrated over time.  
Sample results of the developed program are included in Figure 3.3 for pure 
sliding, Figure 3.4 for pure rocking responses as well as in Figure 3.5 for a slide-rocking 
response. A sine wave pulse was used for the input ground motion with varying 
amplitudes and frequencies for blocks of varying geometry and friction to demonstrate 
each mode individually. The geometry and friction of the blocks as well as the input sine 
pulses are included in the time history results below. The translational response of the 
pure sliding case shows that the selected rigid body underwent permanent translational 
displacement while it was subjected to the sine wave pulse. However, the rotational 
response of the pure rocking case indicates that the rigid body experienced oscillations 
that eventually decayed after the sine wave pulses had ended. Finally, the slide-rocking 
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translation and rotation displacement time histories demonstrate that the rigid body 
experienced a slide-rocking mode since both rocking and sliding displacements were 
recorded. 
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Figure 3.2 Flowchart of Freestanding2D algorithm. 
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(a) (b) 
Figure 3.3 Pure sliding response of rigid block with R = 1.12 m, 𝛍𝛍𝐬𝐬 = 𝟎𝟎.𝟑𝟑, and 𝛍𝛍𝐤𝐤 =
𝟎𝟎.𝟐𝟐: (a) input base acceleration and (b) translational displacement response. 
 
 
(a) (b) 
Figure 3.4 Pure rocking response of rigid block with R = 3.29, 𝝁𝝁𝒔𝒔 = 𝟏𝟏.𝟑𝟑, and 𝝁𝝁𝒌𝒌 =
𝟏𝟏.𝟐𝟐: (a) input base acceleration and (b) rotational displacement response. 
 
 
(a) 
 
(b) (c) 
Figure 3.5 Slide-rocking response of rigid block of R = 2.06 m, 𝝁𝝁𝒔𝒔 = 𝟎𝟎.𝟑𝟑, and 𝝁𝝁𝒌𝒌 =
𝟎𝟎.𝟐𝟐: (a) input base acceleration, (b) translational displacement response, and (c) 
rotational displacement response. 
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CHAPTER 4 – INTENSITY MEASURES FOR SLIDE-
ROCKING DEMANDS 
Earthquake intensity measures (IMs) are scalar or vector quantities that describe 
the ground motion produced by an earthquake. IMs link the probabilistic seismic hazard 
analyses for a site by seismologists with the prediction of structural demand by structural 
engineers. While various IMs have been studied and applied to many structures (e.g., 
buildings, bridges, etc.), strong IMs for freestanding structures that can rock, slide, and 
slide-rock are not currently established. The objective of this chapter is to identify a 
scalar IM or vector set of IMs that correlate strongly with the dynamic response of a 
freestanding structure.  
4.1 Methodology  
 The analytical equations derived in Chapter 3 will be used to simulate the 
behavior of a two-dimensional block subjected to earthquake excitations. First, synthetic, 
near-fault earthquake pulses were generated for use as base excitations in the simulations. 
Second, six block geometries were created such that the full range of dynamic response 
for freestanding structures could be observed, including pure sliding, pure rocking, and 
slide-rocking responses. The different block geometries and earthquake pulses were input 
into the equations of motion, which were integrated to determine the rotational and 
translational responses. The peak rocking and sliding demands were then analyzed 
statistically to identify appropriate intensity measures (IMs) for freestanding structures. 
Finally, the selected IMs were used to demonstrate the construction of fragility curves for 
both sliding and rocking demands.   
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4.1.1 Earthquake Pulse Generation 
Shallow, near-field ground motion pulses were generated using the analytical 
model proposed by Mavroeidis and Papageorgiou (2003) as input for the intensity 
measure (IM) study. Recorded earthquake motions, such as those from the PEER NGA 
database (Ancheta, et al., 2013), were not used due to the limited number of large-
magnitude, near-fault events which are necessary to initiate and sustain rocking behavior. 
While it is possible to scale recorded earthquake motions to the amplitudes necessary for 
rocking behavior, the synthetic motions were selected to increase the variation of the 
earthquake intensity measures. The generated pulses had earthquake magnitudes ranging 
from 6.5 to 8.5 with corresponding rupture distances of five, 10 and 15 kilometers. 250 
unique pulses were generated for each magnitude-rupture distance pair, resulting in 3750 
pulse records. The analytical equation for the near-field pulse motion in terms of 
acceleration (a), velocity (v), and displacement (d) are: 
𝑊𝑊(𝑡𝑡) = −𝐴𝐴𝐴𝐴𝑓𝑓𝑝𝑝
𝛾𝛾
⎣
⎢
⎢
⎢
⎢
⎡ sin�2𝐴𝐴𝑓𝑓𝑝𝑝
𝛾𝛾
(𝑡𝑡 − 𝑡𝑡0)� cos�2𝐴𝐴𝑓𝑓𝑝𝑝(𝑡𝑡 − 𝑡𝑡0) + 𝜈𝜈�
+𝛾𝛾 sin�2𝐴𝐴𝑓𝑓𝑝𝑝(𝑡𝑡 − 𝑡𝑡0) + 𝜈𝜈� �1 + cos�2𝐴𝐴𝑓𝑓𝑝𝑝𝛾𝛾 (𝑡𝑡 − 𝑡𝑡0)��⎦⎥⎥⎥
⎥
⎤
 (4.1)  
 
𝑣𝑣(𝑡𝑡) = 𝐴𝐴 12 �1 + cos�2𝐴𝐴𝑓𝑓𝑝𝑝𝛾𝛾 (𝑡𝑡 − 𝑡𝑡0)�� cos�2𝐴𝐴𝑓𝑓𝑝𝑝(𝑡𝑡 − 𝑡𝑡0) + 𝜈𝜈� (4.2)  
 
𝑑𝑑(𝑡𝑡) = 𝐴𝐴
4𝜋𝜋𝑓𝑓𝑝𝑝
�
sin�2𝐴𝐴𝑓𝑓𝑝𝑝(𝑡𝑡 − 𝑡𝑡0) + 𝜈𝜈� + 12 𝛾𝛾(𝛾𝛾−1) sin �2𝜋𝜋𝑓𝑓𝑝𝑝(𝛾𝛾−1)𝛾𝛾 (𝑡𝑡 − 𝑡𝑡0) + 𝜈𝜈�+ 1
2
𝛾𝛾
𝛾𝛾+1
sin �2𝜋𝜋𝑓𝑓𝑝𝑝(𝛾𝛾+1)
𝛾𝛾
(𝑡𝑡 − 𝑡𝑡0) + 𝜈𝜈� �  (4.3)  
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Here, A is the signal amplitude, 𝑓𝑓𝑝𝑝 is the pulse frequency, γ represents the number of half-
cycles,  𝑡𝑡0 is a time shift calibration factor, and ν is the phase angle. For simplicity, 𝑡𝑡0 is 
set equal to 𝛾𝛾
2𝑓𝑓𝑝𝑝
 which ensures that the pulse starts at time t equals zero.  
The inputs A,𝑓𝑓𝑝𝑝, and γ were treated as random variables and obtained through 
Latin Hypercube sampling using statistics presented by Rupakhety et al. (2011), who 
developed an attenuation equation for peak ground velocity (PGV) by analyzing 
characteristics of near-fault ground motions. It is assumed that the logarithms of both the 
pulse frequency (𝑓𝑓𝑝𝑝) and velocity amplitude (𝑉𝑉𝑝𝑝) follow a normal distribution, with means 
specified by Equations (4.4) and (4.5), respectively (Rupakhety et al., 2011). 
log�1
𝑓𝑓𝑝𝑝
� = −2.87 + 0.47𝐼𝐼𝑤𝑤 (4.4)  
 log(𝑉𝑉𝑝𝑝) = −5.17 + 1.98𝐼𝐼𝑤𝑤 − 0.14𝐼𝐼𝑤𝑤2 − 0.10 log(𝑅𝑅2 + 0.562) (4.5)  
 
𝑓𝑓𝑟𝑟𝑟𝑟 𝐼𝐼𝑤𝑤 ≤ 7.0 
In these equations, the distance of the near-fault earthquake pulse being considered is 
represented by R, and 𝐼𝐼𝑤𝑤 is the moment magnitude. In their study, Rupakhety et al. 
(2011) found that if the moment magnitude was not constrained, then the model would 
produce lower values of PGV despite inputting large magnitude values. To resolve this, 
the model is constrained with a maximum 𝐼𝐼𝑤𝑤 of 7.0, as shown in the equations above. In 
addition to the means specified in Equations (4.4) and (4.5), the standard deviations for 
the logarithms of pulse frequency (fp) and velocity amplitude (Vp) are 0.18 and 0.16, 
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respectively (Rupakhety et al., 2011). These values were determined via regression 
analysis to find the relationship between predominant period and earthquake magnitude. 
Additionally, the number of half-cycles (γ) is assumed to follow a normal distribution 
with a mean of 1.8 and a standard deviation of 0.4, per the input parameter data collected 
by fitting Mavroeidis and Papageorgiou’s (2003) analytical model to near-fault ground 
motion records. For a specified moment magnitude and rupture distance pair, unique 
values of 𝑉𝑉𝑝𝑝,𝑓𝑓𝑝𝑝, and γ were determined using Latin Hypercube sampling and ν was 
determined via random selection between -π/2 and π/2 (Psycharis et al., 2013). All 
variables were then input into Equation (4.6) to calculate A. 
𝐴𝐴 = 2𝑉𝑉𝑝𝑝
⎣
⎢
⎢
⎢
⎡ 1
�1 + cos�2𝐴𝐴𝑓𝑓𝑝𝑝𝛾𝛾 (𝑡𝑡 − 𝑡𝑡0)� � cos�2𝐴𝐴𝑓𝑓𝑝𝑝(𝑡𝑡 − 𝑡𝑡0) + 𝜈𝜈�⎦⎥⎥⎥
⎤
 (4.6)  
 
This equation was derived by rearranging Equation (4.2), which is the equation for pulse 
velocity. After determining the values in Equations (4.4) – (4.6), the near-field 
earthquake pulses can be calculated. Since this is an analytical model that relies on both 
Latin Hypercube sampling and random selection of statistical distributions, some 
unrealistic earthquake pulses were created. Records with peak horizontal accelerations 
(PHA) and peak horizontal velocities (PHV) greater than 2g and 500 cm/s, respectively, 
were eliminated from the analysis.  These thresholds were set by examining a suite of 
earthquake time histories from the PEER NGA-West2 database, none of which exceeded 
a PHA of 2g or PHV of 500 cm/s (Pacific Earthquake Engineering Research Center, 
2013).  
The acceleration response spectra of the originally generated 3750 pulses 
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compared with the final set of 2719 pulses (excluding unrealistic motions) are shown in 
Figure 4.1, where the thin grey lines represent synthetic pulses and the thick black line 
indicates the mean spectra. The maximum spectral acceleration of the mean spectra of the 
originally generated 3750 is about 40g, whereas the maximum spectral acceleration of the 
mean spectra for the subset of motions is 0.6g, which is a significantly more realistic 
number. Therefore, the 2719 records will be used in the following scalar and vector IM 
studies.  
 
(a) 
 
(b) 
Figure 4.1 (a) Response spectra for all synthetic pulses. (b) Response spectra for 
realizable synthetic pulses, generated by removing records with PGA > 2g and PGV 
> 500 cm/s, per earthquake data from PEER NGA-West2 database. 
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4.1.2 Structural Descriptions 
The intensity measure (IM) study was conducted using a set of geometries 
targeting pure rocking, pure sliding and four slide-rocking cases subject to 2719 synthetic 
earthquake pulses. Table 4.1 shows the six geometric cases and the corresponding 
rocking radius, critical angle, and coefficients of static and kinetic friction. To ensure that 
both rocking and sliding modes were activated in the slide-rocking cases, pure-rocking 
and pure-sliding characteristics were incorporated into the specified geometries and 
coefficients of friction. For instance, slide-rocking case 3 was given a lower critical angle 
to initiate a rocking response but low coefficients of friction such that the block would 
likely transition to a slide-rocking response. These geometries were determined via trial 
and error such that each geometry would target a certain rigid body response.  
The horizontal ground accelerations required to initiate a rocking or sliding mode 
for the six geometry cases are shown in Table 4.2. These criteria were calculated using 
Equations (3.1) and (3.3) from Chapter 3. As expected, a lower ground acceleration 
threshold must be exceeded in order to begin rocking rather than sliding for the pure 
rocking case. Similarly, a ground acceleration of only 0.98 m/s² is required to initiate 
sliding for the pure sliding geometry. However, the rocking initiation criteria for slide-
rocking cases 1 and 4 are lower than what is required to initiate sliding, suggesting that 
these cases will initiate into rocking and will likely have relatively small sliding 
contributions. On the other hand, the rocking and sliding initiation limits for slide-rocking 
cases 2 and 3 are very similar, making them both sliding- and rocking-sensitive. 
Regardless of the initial mode of response, sliding and rocking can transition to slide-
rocking throughout the dynamic response. 
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Table 4.1 Parameters for six geometry cases. 
Geometry Case Width (m) 
Height 
(m) 
Rocking 
Radius, R 
(m) 
Critical 
Angle, α 
(degrees) 
𝝁𝝁𝒔𝒔 𝝁𝝁𝒌𝒌 
Rocking 1 5 2.55 11.31 1.5 1 
Sliding 1 1 0.71 45 0.1 0.1 
Slide-Rocking 1 1 3 1.58 18.43 0.5 0.3 
Slide-Rocking 2 1 4 2.06 14.04 0.3 0.2 
Slide-Rocking 3 1 4.5 2.30 12.53 0.3 0.2 
Slide-Rocking 4 2 5 2.69 21.80 0.5 0.3 
  
Table 4.2 Initiation Criteria for six geometry cases. 
Geometry Case Ground Acceleration Initiation Criteria Rocking (m/s²) Sliding (m/s²) 
Rocking 1.96 14.72 
Sliding 9.81 0.98 
Slide-Rocking 1 3.27 4.91 
Slide-Rocking 2 2.45 2.94 
Slide-Rocking 3 2.18 2.94 
Slide-Rocking 4 3.92 4.91 
 
Given that the maximum response is necessary for the IM study rather than the 
initial mode, the absolute maximum translational and absolute maximum rotational 
displacement demands are plotted against one another, see Figure 4.2 and Figure 4.3. In 
Figure 4.2a, there is some sliding response observed in the rocking case, which can be 
attributed to the small amount of area still in contact with the ground during rocking, the 
vertical acceleration of the rigid body during rocking, and the volatility of response when 
the rotational displacement approaches the critical angle (α = 11.31° = 0.197 rad, for this 
block). The pure sliding case, however, does not show any signs of rocking since a squat 
block geometry and low coefficient of static friction were used. From Figure 4.3a, the 
data points for slide-rocking cases 2 and 3, and slide-rocking cases 1 and 4 both have 
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significant overlap. This is reasonable given that cases 2 and 3 are both governed almost 
equally by sliding and rocking, so they should produce similar results. Cases 1 and 4 are 
both rocking dominated, so their dynamic responses are also similar. The four slide-
rocking geometry cases were able to capture a wide distribution of pure sliding, pure 
rocking, and a combination of the two, largely filling the plot area with data points, as 
indicated in the magnified version of Figure 4.3a. The large distribution of rocking, 
sliding, and slide-rocking displacements will greatly enhance the results of this study and 
ensure that a universally applicable IM is identified. 
 
 
  
(a) (b) 
Figure 4.2 Translational displacement vs. rotational displacement for (a) Rocking. 
(b) Sliding. Data points along the x-axis represent pure sliding; data points along the 
y-axis represent pure rocking. Data points along the top of (a) are reflective of 
overturning cases, when θ exceeds π/4. 
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(a) 
 
(b) 
Figure 4.3 (a) Translational displacement vs. rotational displacement for all slide-
rocking cases. (b) Magnified plot of (a). Data points along the x-axis represent pure 
sliding; data points along the y-axis represent pure rocking; Data points between 
the axes are some level of slide-rocking. Data points along the top of (a) are 
reflective of overturning, when θ exceeds π/4. 
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4.1.3 Intensity Measures 
Earthquake intensity measures (IMs) are critical in relating seismic hazard to 
structural demand. Most precariously balanced rock (PBR) and other freestanding 
structure studies have utilized the peak horizontal or ground acceleration (PHA or PGA) 
or the peak ground acceleration normalized by the peak ground velocity (PGA/PGV) 
(Anooshehpoor et al., 2004; Purvance et al., 2008a; Baker et al., 2013; Dimitrakopoulos 
and Paraskeva, 2015). However, a comprehensive study of the efficiency of these 
measures with comparison to alternatives has not been previously conducted, to the 
author’s knowledge. Therefore, additional IMs were examined to identify a more robust 
relationship between an IM and the multi-modal dynamic response of a PBR. The other 
IMs include: 
• Arias Intensity 
𝐼𝐼𝑚𝑚 = 𝐴𝐴2𝑔𝑔� [𝑊𝑊(𝑡𝑡)2]𝑑𝑑𝑡𝑡∞0  (4.7)  
• Acceleration Spectrum Intensity 
𝐴𝐴𝐴𝐴𝐼𝐼 = � 𝐴𝐴𝑚𝑚(𝜁𝜁,𝑇𝑇)𝑑𝑑𝑇𝑇𝑇𝑇2
𝑇𝑇1
 (4.8)  
• Cumulative Absolute Velocity 
𝐶𝐶𝐴𝐴𝑉𝑉 = � |𝑊𝑊(𝑡𝑡)|𝑑𝑑𝑡𝑡𝑇𝑇𝑑𝑑
0
 (4.9)  
• Characteristic Intensity 
𝐼𝐼𝑛𝑛 = 𝑊𝑊𝑔𝑔𝑚𝑚𝑠𝑠1.5 𝑇𝑇𝑑𝑑0.5 (4.10)  
• Characteristic Length 
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𝐿𝐿𝑛𝑛 = 𝑃𝑃𝐻𝐻𝑉𝑉 𝑇𝑇𝑚𝑚2𝐴𝐴  (4.11)  
• Displacement Spectrum Intensity 
𝐷𝐷𝐴𝐴𝐼𝐼 = � 𝐴𝐴𝑑𝑑(𝜁𝜁,𝑇𝑇)𝑑𝑑𝑇𝑇𝑇𝑇2
𝑇𝑇1
 (4.12)  
• Effective Design Acceleration (EDA): the peak acceleration remaining after 
filtering out acceleration values greater than eight Hz 
• Effective Peak Acceleration (EPA): the average spectral acceleration from 0.1 to 
0.5 seconds and dividing by a factor of 2.5 
• Effective Peak Velocity (EPV): the average spectral velocity from zero to 1.0 
seconds, also divided by 2.5 
• Predominant Period: the period of vibration that corresponds to the maximum 
value of the accelerogram in the Fourier amplitude spectrum 
• Ratio of Maximum Velocity to Maximum Acceleration 
𝑉𝑉𝑚𝑚𝑚𝑚𝑥𝑥
𝐴𝐴𝑚𝑚𝑚𝑚𝑥𝑥
= 𝑃𝑃𝐻𝐻𝑉𝑉
𝑃𝑃𝐻𝐻𝐴𝐴
 (4.13)  
• RMS Acceleration 
𝑊𝑊𝑔𝑔𝑚𝑚𝑠𝑠 = � 1𝑇𝑇𝑑𝑑 � [𝑊𝑊(𝑡𝑡)2]𝑑𝑑𝑡𝑡𝑇𝑇𝑑𝑑0  (4.14)  
• Response Spectrum Intensity 
𝐴𝐴𝐼𝐼 = � 𝑃𝑃𝐴𝐴𝑉𝑉(𝜁𝜁,𝑇𝑇)𝑑𝑑𝑇𝑇𝑇𝑇2
𝑇𝑇1
 (4.15)  
• Significant Duration: the period of time in which 5% and 95% of the total energy 
of the ground motion has occurred 
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• Sustained Maximum Acceleration (SMA): the third highest value in the absolute 
accelerogram 
• Velocity Spectrum Intensity 
𝑉𝑉𝐴𝐴𝐼𝐼 = � 𝐴𝐴𝑣𝑣(𝜁𝜁,𝑇𝑇)𝑑𝑑𝑇𝑇𝑇𝑇2
𝑇𝑇1
 (4.16)  
from (Kramer, 1996; Karavasilis et al., 2010). In Equations (4.9), (4.10), and (4.14), 𝑇𝑇𝑑𝑑 
represents the total length of the strong motion and 𝑇𝑇𝑚𝑚 is the mean period. For the 
spectral intensity quantities, eight different period ranges were examined: 0.1 – 0.5, 0.5 – 
1.0, 1.0 – 1.5, 1.5 – 2.0, 2.0 – 2.5, 2.5 – 3.0, 1.0 – 2.5, and 0.1 – 3.0. An additional period 
range was examined for response spectrum intensity, which represented the traditional 
definition of the intensity measure: 0.1 – 2.5 seconds. This yields a total of 47 scalar 
intensity measures that were studied.  
 Bar charts were generated to show the distribution of the different IMs across the 
earthquake pulses. From Figure 4.4, the majority of the pulses had PHA less than 0.5g 
and PHV less than 100 cm/s. There is one record that has a Duration of 108 seconds, but 
the remaining Durations are less than 40 seconds, which is reasonable. The mean, 
median, and standard deviations for the three IMs are listed in Table 4.3 for reference. It 
is evident from both the histograms and IM statistics that there is significant variation of 
IM values for the subset of ground motions. Ensuring sufficient spread of the IM data 
improves the overall quality of the statistical analysis and conclusions. Bar charts for the 
remaining IMs are included in Appendix B.  
53 
  
(a) (b) 
 
(c) 
Figure 4.4 Histograms of (a) PHA, (b) PHV, and (c) Duration for the 2719 pulses. 
 
Table 4.3 Statistics for IM histograms. 
 PHA (g) PHV (cm/s) Duration (s) 
Mean 0.33 105.82 4.33 
Median 0.18 70.15 2.59 
Standard Deviation 0.40 100.83 5.66 
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4.1.4 Selection Procedure 
When selecting intensity measures (IMs), it is important to consider efficiency, 
sufficiency, practicality, and computability. IM efficiency is based on the variation in 
structural demand measures given an IM (Luco and Cornell, 2007). Conversely, an IM is 
said to be sufficient if it is independent of earthquake magnitude and rupture distance 
(Padgett et al., 2008). Practicality is used to quantify the correlation between an IM and 
structural demand, and proficiency is a combined metric for assessing both efficiency and 
practicality (Padgett et al., 2008). Proficiency will be used herein to refer to both 
efficiency and practicality. Finally, the level of effort required to construct a hazard curve 
for an IM is termed computability (Padgett et al., 2008). A new term, robustness, was 
added to further assess the consistency of the IMs over multiple dynamic responses and 
geometric parameters. These metrics were used to compare the 47 scalar and vector IMs, 
which will be discussed in sections 4.2 and 4.3, respectively, to determine which IM or 
set of IMs has the strongest probabilistic relationship with freestanding structures. The 
IM or set of IMs with optimal proficiency, sufficiency, and computability will be selected 
at the end of this chapter. 
4.2 Scalar Intensity Measure Study 
A scalar intensity measure (IM) study was conducted first to assess if any singular 
IMs demonstrated optimal characteristics with the response of a freestanding structure. 
The rocking and sliding responses of the six block geometries defined in section 4.1.2 
were plotted against the corresponding scalar ground motion IMs from section 4.1.3. 
Then, a linear regression analysis was conducted between the ground motion IMs and the 
maximum absolute value structural demands of the block. Note that records causing 
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overturning or ones that resulted in no response were left out of the linear regression. 
This was done such that the relationship between an IM and ‘safe’, or non-collapsing, 
rocking and sliding behavior could be observed as a first step. The IMs with the highest 
correlation coefficient values, as well as peak horizontal acceleration (PHA), are 
presented in the graphs below for each geometry case considering both rocking and 
sliding demands (Figure 4.5, Figure 4.6, Figure 4.7, Figure 4.8, and Figure 4.8). Table 4.4 
lists the corresponding correlation coefficient values.  
The majority of the best-correlating scalar IMs are spectral intensity quantities in 
the intermediate period range, i.e., acceleration spectrum intensity (ASI), displacement 
spectrum intensity (DSI), and response spectrum intensity (SI). These measures represent 
the area under the spectral acceleration, displacement, and pseudo-velocity curves, 
respectively, for a given period range. Previous studies have documented the sensitivity 
of freestanding structures, especially their rocking behavior, to ground motions in the low 
frequency, or higher period range (Anooshehpoor et al., 2004; Dimitrakopoulos and 
Paraskeva, 2015). Additionally, the intermediate period range is known as the velocity-
sensitive region, which may explain why the spectral intensity is commonly a top-
performing scalar IM since Housner (1963) first correlated velocity pulses with 
overturning. For all of the IM plots, it is evident that PHA does not correlate well with 
either a rocking or sliding response. There is considerable scatter seen in each PHA 
graph, which not only indicates a poor correlation, but also poor proficiency. Recall that a 
proficient IM minimizes variation in structural demand. Although the other IMs 
demonstrate increased correlation compared to PHA, significant dispersion is still 
observed. The presence of substantial scatter suggests that none of the proposed scalar 
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IMs strongly correlate with the dynamic responses of a freestanding structure. This 
finding is further supported by the correlation coefficient values, which do not reflect a 
strong relationship for any geometry case with correlation coefficients less than 0.6 for 
most IMs. A correlation coefficient close to unity is indicative of a strong, linear 
relationship between the two variables being considered in the regression analysis 
(Taylor, 1990). Since the proficiency of the scalar IMs was poor overall, computability 
and sufficiency were not assessed. As a result, the next section expands on the 
relationship between the 47 IMs and rocking and sliding demands by analyzing pairs 
(vectors) of IMs.   
 
 
 
(a) 
 
(b) 
Figure 4.5 (a) Translational displacement for pure sliding case vs IMs for all M-R 
pairs. (b) Rotational displacement for pure rocking case vs. IMs for all M-R pairs. 
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(a) 
 
(b) 
Figure 4.6 (a) Translational displacement for slide-rocking case 1 vs. IMs for all M-
R pairs. (b) Rotational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
 
(a) 
 
(b) 
Figure 4.7 (a) Translational displacement for slide-rocking case 2 vs. IMs for all M-
R pairs.(b) Rotational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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(a) 
 
(b) 
Figure 4.8 (a) Translational displacement for slide-rocking case 3 vs. IMs for all M-
R pairs. (b) Rotational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
 
(a) 
 
(b) 
Figure 4.9 (a) Translational displacement for slide-rocking case 4 vs. IMs for all M-
R pairs. (b) Rotational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Table 4.4 Correlation coefficients for the top four scalar IMs and PHA for pure 
sliding geometry. 
Motion Intensity Measure R² 
Sliding 
PHV 0.550 
DSI 2.5 to 3 s 0.533 
SI 2.5 to 3 s 0.531 
ASI 2.5 to 3 s 0.529 
PHA 0.173 
  
 
Table 4.5 Correlation coefficients for the top four scalar IMs and PHA for pure 
rocking geometry. 
Motion Intensity Measure R² 
Rocking 
ASI 1 to 2.5 s 0.497 
SI 1 to 2.5 s 0.495 
DSI 1 to 2.5 s 0.487 
ASI 1.5 to 2 s 0.482 
PHA 0.223 
 
 
Table 4.6 Correlation coefficients for the top four scalar IMs and PHA for slide-
rocking geometry 1. 
Motion Intensity Measure R² 
Sliding 
ASI 1 to 2.5 s 0.555 
SI 1 to 2.5 s 0.548 
DSI 1 to 1.5 s 0.543 
SI 1 to 1.5 s 0.541 
PHA 0.190 
Rocking 
DSI 1 to 1.5 s 0.651 
SI 1 to 1.5 s 0.650 
ASI 1 to 1.5 s 0.648 
ASI 1 to 2.5 s 0.624 
PHA 0.225 
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Table 4.7 Correlation coefficients for the top four scalar IMs and PHA for slide-
rocking geometry 2. 
Motion Intensity Measure R² 
Sliding 
DSI 1 to 1.5 s 0.515 
SI 1 to 1.5 s 0.515 
ASI 1 to 1.5 s 0.514 
VSI 1 to 1.5 0.494 
PHA 0.274 
Rocking 
ASI 1 to 1.5 s 0.622 
SI 1 to 1.5 s 0.619 
VSI 1 to 1.5 s 0.619 
DSI 1 to 1.5 s 0.617 
PHA 0.315 
 
 
Table 4.8 Correlation coefficients for the top four scalar IMs and PHA for slide-
rocking geometry 3. 
Motion Intensity Measure R² 
Sliding 
DSI 1 to 1.5 s 0.485 
SI 1 to 1.5 s 0.485 
ASI 1 to 1.5 s 0.484 
VSI 1.5 to 2 s 0.473 
PHA 0.268 
Rocking 
ASI 1 to 2.5 s 0.537 
DSI 1 to 1.5 s 0.530 
SI 1 to 1.5 s 0.530 
ASI 1 to 1.5 s 0.528 
PHA 0.260 
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Table 4.9 Correlation coefficients for the top four scalar IMs and PHA for slide-
rocking geometry 4. 
Motion Intensity Measure R² 
Sliding 
DSI 0.1 to 3 s 0.746 
DSI 1 to 2.5 s 0.721 
SI 0.1 to 3 s 0.717 
VSI 2.5 to 3 s 0.716 
PHA 0.165 
Rocking 
SI 1 to 2.5 s 0.650 
DSI 1 to 2.5 s 0.648 
SI 1.5 to 2 s 0.646 
ASI 1.5 to 2 s 0.646 
PHA 0.160 
 
4.3 Vector Intensity Measure Study 
 A vector intensity measure (IM) is a combination of one or more scalar IMs. 
Commonly utilized vector IMs include combinations of peak horizontal acceleration 
(PHA), peak horizontal velocity (PHV), spectral acceleration, and spectral shape (Baker 
and Cornell, 2005; Baker and Cornell, 2008). These IMs are often selected for use in 
vector IM studies because they appear to perform well as scalar IMs for typical structural 
demands (not freestanding structures). Here, 1081 unique IM combinations were 
examined to find a vector IM that has a more robust relationship with structural demand 
measures for freestanding structures. The 1081 vector IMs reflect all possible unique 
combinations of the 47 scalar IMs under consideration. The evaluation of the vector IMs 
was conducted according to four key performance criteria: 1) computability, which 
reflects the level of effort needed to construct a hazard curve for the IM; 2) proficiency 
with respect to the demand parameters, which was conducted through a Receiver 
Operator Characteristic (ROC) analysis; 3) sufficiency, which reflects the ability of the 
IM pair to represent an earthquake motion; and 4) robustness, which refers to the 
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consistency of the IM pair to predict structural demands for multiple geometries. The 
following sub-sections detail the process of evaluation in terms of each performance 
criteria.  
4.3.1 Computability 
A key index for characterizing the performance of an intensity measure (IM) is 
computability. Recall that computability refers to the level of effort required to construct 
a hazard curve for an IM or perform probabilistic seismic hazard analysis (PSHA) with 
an IM (Padgett et al., 2008). Some IMs, such as peak horizontal acceleration (PHA) and 
peak horizontal velocity (PHV), are easily computed for PSHA while IMs, like Effective 
Design Acceleration (EDA), are more challenging to obtain empirically. Selecting IMs 
that are easily calculated, and correlated with one another, greatly reduces computational 
time and expense when formulating hazard curves. Bradley (2010, 2011a, 2011b, 2011c, 
2012a, and 2012b) proposed a number of empirical correlation equations that relate 
different IMs with one another based upon recorded earthquakes from the PEER NGA 
database and available ground motion prediction equations (GMPEs). These relationships 
can be used to calculate distributions of ground motion IMs, given a magnitude and 
rupture distance, for use in PSHA.  
Bradley (2011a) showed that Duration has moderate-negative correlations with 
both PHA and acceleration spectrum intensity (ASI), weak-negative correlations with 
PGV and response spectrum intensity (SI), and weak-positive correlations with 
displacement spectrum intensity (DSI) and cumulative absolute velocity (CAV). In 
another 2011 paper, Bradley found that PHA is moderately related to SI but strongly 
correlated with ASI. Conversely, PHA is poorly correlated with DSI (Bradley, 2011c). 
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DSI has a moderate correlation with PGV and SI, but a weak correlation with ASI 
(Bradley, 2011c). Additionally, CAV demonstrates strong relationships with PHA, PHV, 
and ASI, but moderate correlation with SI and DSI (Bradley, 2012a). Finally, Bradley 
(2012b) found that PHV is moderately correlated with PHA and ASI, and strongly 
correlated with SI. Arias Intensity was not analyzed since previous studies have shown it 
demonstrates significant aleatory uncertainty in developed GMPEs (Travasarou et al., 
2003; Campbell and Bozorgnia, 2012). The spectral quantities in Bradley’s papers have 
the following defined period ranges: ASI for 0.1 to 0.5 seconds, DSI for 2 to 5 seconds, 
and SI for 0.1 to 2.5 seconds (Kramer, 1996; Bradley, 2011b). A summary table of the 
correlations between the proposed 47 scalar IMs is presented in Table 4.10. IMs denoted 
as ‘Strong’ have readily available hazard information within the United States (e.g., from 
USGS). The IMs with ‘Moderate’ computability are those with defined empirical 
correlations, such as those developed by Bradley (2010, 2011a, 2011b, 2011c, 2012a, and 
2012b), or those with well-defined ground motion prediction equations that are not 
readily available in terms of hazard curves. IMs that have ‘Low’ computability do not 
have established correlations, but this does not mean that additional correlations are 
unrealizable (e.g., spectral intensity quantities over various period ranges). Finally, the 
IMs with ‘n/a’ are unable to be computed due to lack of correlation information and 
difficulty of calculation due to available information. IMs with low or no computability 
were eliminated from the vector IM study based on ease of computability. The remaining 
vector IMs were analyzed for proficiency through a Receiver Operator Characteristic 
(ROC) analysis. 
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Table 4.10 Summary of scalar IM computability¹. 
Scalar IM Computability Empirical Correlations 
Arias Intensity 
 
Moderate 
 
(Danciu and Tselentis, 2007) 
 
ASI for 0.1 - 0.5 s Moderate 
CAV (Bradley, 2012a), DSI (2 - 5 s) 
(Bradley, 2011c), Duration (Bradley, 
2011a), PHA (Bradley, 2011b), PHV 
(Bradley, 2012b) 
ASI for 0.5 - 1 s Low  
ASI for 1 - 1.5 s Low  
ASI for 1.5 - 2 s Low  
ASI for 2 - 2.5 s Low  
ASI for 2.5 - 3 s Low  
ASI for 1 - 2.5 s Low  
ASI for 0.1 - 3 s Low  
CAV 
 
Moderate 
 
(Danciu and Tselentis, 2007), DSI (2 - 
5 s) (Bradley, 2011c), Duration 
(Bradley, 2011a), PHA (Bradley, 
2011b), PHV (Bradley, 2012b) 
 
Characteristic Intensity Moderate (Danciu and Tselentis, 2007) 
Characteristic Length n/a  
DSI for 0.1 - 0.5 s Low  
DSI for 0.5 - 1 s Low  
DSI for 1 - 1.5 s Low  
DSI for 1.5 - 2 s Low  
DSI for 2 - 2.5 s Low  
DSI for 2.5 - 3 s Low  
DSI for 1 - 2.5 s Low  
DSI for 0.1 - 3 s Low  
Duration Moderate 
CAV (Bradley, 2012a), DSI (2 - 5 s) 
(Bradley, 2011c), PHA (Bradley, 
2011b), PHV (Bradley, 2012b) 
EDA n/a  
EPA n/a  
EPV n/a  
Predominant Period n/a  
PHA 
 
Strong 
 
(Danciu and Tselentis, 2007), CAV 
(Bradley, 2012a), DSI (2 - 5 s) 
(Bradley, 2011c), Duration (Bradley, 
2011a), PHV (Bradley, 2012b) 
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PHV Strong 
CAV (Bradley, 2012a), DSI (2 - 5 s) 
(Danciu and Tselentis, 2007), (Bradley, 
2011c), Duration (Bradley, 2011a), 
PHA (Bradley, 2011b) 
PHV/PHA Strong  
RMS Acceleration Moderate (Danciu and Tselentis, 2007) 
SI for 0.1 - 0.5 s Low  
SI for 0.5 - 1 s Low  
SI for 1 - 1.5 s Low  
SI for 1.5 - 2 s Low  
SI for 2 - 2.5 s Low  
SI for 2.5 - 3 s Low  
SI for 1 - 2.5 s Low  
SI for 0.1 - 3 s Low  
SI for 0.1 – 2.5 s Moderate 
(Danciu and Tselentis, 2007), CAV 
(Bradley, 2012a), DSI (2 - 5 s) 
(Bradley, 2011c), Duration (Bradley, 
2011a), PHA (Bradley, 2011b), PHV 
(Bradley, 2012b) 
SMA n/a  
VSI for 0.1 - 0.5 s n/a  
VSI for 0.5 - 1 s n/a  
VSI for 1 - 1.5 s n/a  
VSI for 1.5 - 2 s n/a  
VSI for 2 - 2.5 s n/a  
VSI for 2.5 - 3 s n/a  
VSI for 1 - 2.5 s n/a  
VSI for 0.1 - 3 s n/a   
¹ IMs with strong and moderate computabilities are shown in red. 
 
4.3.2 ROC Analysis 
Receiver Operator Characteristic (ROC) analysis was first developed for 
electronic signal detection in the early 1950s (Zweig and Campbell, 1993). This type of 
analysis produces a plot with the false positive rate on the x-axis and the true positive 
rate, or sensitivity, on the y-axis, which represents the ability of a predictor variable to 
accurately predict an instance over several decision thresholds (Zweig and Campbell, 
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1993). The area under a ROC curve, AUC, is the metric that determines how well a 
predictor performed. In statistical terms, the AUC represents the probability that a 
randomly selected positive example is correctly identified more often than a randomly 
chosen negative example (Bradley, 1997). ROC analysis is widely used in medical 
decision-making, machine learning, data mining, and landslide hazard assessment for its 
simplicity and easily understood graphical output (Hanley and McNeil, 1982; Zweig and 
Campbell, 1993; Fawcett, 2006; Koutsourelakis, 2010; Corminas, et al., 2014; Schlogel, 
et al., 2018). In addition, this method is insensitive to increasing the number of positive 
instances in the given dataset (Fawcett, 2006). The process presented by Gehl et al. 
(2013) utilized the ROC method to identify vector intensity measure (IM) fragilities for 
seismic risk assessment for the lateral displacement of a simple unreinforced masonry 
structure, and a modified version will be implemented in this study.   
Methodology 
Gehl et al.’s (2013) Receiver Operator Characteristic (ROC) methodology linearly 
combined the vector intensity measures (IMs) in order to analyze them in 2D. The 
lognormal equation used to linearly combine the IMs is similar to that for a plane in 3D 
space except it does not include a constant term. The lack of a constant means that the 
plane will go through the origin, implying that an IM will be zero for a demand of zero, 
which is reasonable. However, Dimitrakopoulos and Paraskeva (2015) found that pure 
rocking rotation could yield a biplanar relationship with certain IMs. As a result, the 
selected vector IMs were plotted against the dynamic responses for all the geometry cases 
to identify whether biplanarity or planarity may be most appropriate on a case-by-case 
basis. If more than one plane was identified, then the data for that particular vector IM 
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and response measure was divided into two planes and analyzed as two planes within the 
ROC analysis. An example of the biplanar and planar distributions seen between the 
vector IMs and demand measures are shown in Figure 4.10. In this case, a constant term 
was added to the planar equations. If the plot was classified as planar, then the entire 
dataset for that particular vector IM pair and response measure was utilized in the ROC 
analysis. Finally, if the demand was not easily approximated via planar or biplanar 
relationships, the IM pair was removed from the analysis. After examining the proposed 
computable vector IM pairs, it was found that 27 combinations demonstrated either 
planar or biplanar behavior and were analyzed via ROC analysis. The process for the 
planar datasets is described first, followed by a discussion of the biplanar method. 
 
 
  
(a) (b) 
Figure 4.10 3D scatter plots for (a) CAV and SI for 1 to 2.5 seconds for slide-rocking 
case 2. (b) PHA and ASI for 2 to 2.5 seconds for slide-rocking case 4. 
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The first step in the ROC analysis for planar datasets is to select two IMs, then, a 
nonlinear regression is performed on the natural log of the maximum absolute value 
block displacements with respect to the specified vector IM values for each of the 2719 
pulses. The general form of the logarithmic regression relationship is shown in Equation 
(4.17): ln (𝐷𝐷𝑚𝑚) = 𝛼𝛼1𝛼𝛼1 + 𝛼𝛼2 ln(𝐼𝐼𝐼𝐼1) + 𝛼𝛼2𝛼𝛼1 + 𝛼𝛼2 ln(𝐼𝐼𝐼𝐼2) + 𝑏𝑏 (4.17)  
where 𝐷𝐷𝑚𝑚 is the structural demand measure of the block under an earthquake excitation 
and 𝛼𝛼1,𝛼𝛼2,  and b are the regression coefficients. In previous studies that focused 
primarily on planar datasets (e.g., Gehl et al. (2013)), there was no third regression term, 
b, included in the initial nonlinear regression. The third term was added to reflect the 
general equation of a plane since the data being input into the ROC analysis is planar. 
Then, the data is randomly segmented into two even groups: training and testing. First, 
the training data is input into Equation (4.18) to linearly combine the two IMs – using the 
previously calculated regression coefficients – to form a new IM, 𝑋𝑋𝑖𝑖. ln(𝑋𝑋𝑖𝑖) = 𝛼𝛼1𝛼𝛼1 + 𝛼𝛼2 ln�𝐼𝐼𝐼𝐼1,𝑖𝑖� + 𝛼𝛼2𝛼𝛼1 + 𝛼𝛼2 ln�𝐼𝐼𝐼𝐼2,𝑖𝑖� (4.18)  
This hybrid IM is assumed to have a lognormal distribution; therefore, the probability of 
exceeding a given response can be expressed as  
𝑃𝑃(𝑑𝑑𝑊𝑊𝑚𝑚𝑊𝑊𝑔𝑔𝑉𝑉 ≥ 𝐷𝐷𝑚𝑚|𝑋𝑋𝑖𝑖) = Φ�ln(𝑋𝑋𝑖𝑖) − 𝜇𝜇𝜎𝜎 � = 12 �1 + erf�ln(𝑋𝑋𝑖𝑖) − 𝜇𝜇𝜎𝜎√2 �� (4.19)  
here, μ and σ represent the mean and standard deviation of the hybrid IM, respectively. 
The assumption of a lognormal distribution is used because of its ability to fit a wide 
variety of structural failure data as well as its prominent presence within computing 
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seismic risk (Kennedy and Short, 1994; Kircher et al., 1997; Porter et al., 2007). Using 
additional coefficients, the probability of exceeding a damage level given 𝑋𝑋𝑖𝑖 can be 
expanded to relate the displacement probability to the two original IMs.  
𝛽𝛽1 = 𝛼𝛼1(𝛼𝛼1 + 𝛼𝛼2)𝜎𝜎√2 (4.20)  
𝛽𝛽2 = 𝛼𝛼2(𝛼𝛼1 + 𝛼𝛼2)𝜎𝜎√2 (4.21)  
 
𝛽𝛽0 = 𝜇𝜇
𝜎𝜎√2 (4.22)  
𝑃𝑃(𝑑𝑑𝑊𝑊𝑚𝑚𝑊𝑊𝑔𝑔𝑉𝑉 ≥ 𝐷𝐷𝑚𝑚|𝐼𝐼𝐼𝐼1, 𝐼𝐼𝐼𝐼2)= 12 [1 + erf(𝛽𝛽1 ln(𝐼𝐼𝐼𝐼1) + 𝛽𝛽2 ln(𝐼𝐼𝐼𝐼2) − 𝛽𝛽0)] (4.23)  
Finally, the likelihood function in Equation (4.24) is computed to find the mean and 
standard deviation of the training data set. The 𝑦𝑦𝑖𝑖  term represents the binomially 
distributed variable, which is set to one when the real response of the block exceeds the 
specified displacement level, and zero otherwise (Gehl et al., 2013). For the rocking 
cases, displacement levels of 10% - 90% of the critical angle as well as overturning were 
implemented, whereas displacement levels of 20% - 55% of the base width were used for 
the sliding cases. Different ROC threshold values were specified in order to analyze the 
relationship between the vector IMs and the dynamic response of the block at varying 
displacement thresholds. 
𝐿𝐿 = � 𝑃𝑃𝑖𝑖𝑦𝑦𝑖𝑖(1 − 𝑃𝑃𝑖𝑖)1−𝑦𝑦𝑖𝑖𝑛𝑛
𝑖𝑖=1
 (4.24)  
The mean and standard deviation of the training data computed from the likelihood 
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function will be used to train the testing data set. New beta terms, from Equations (4.20) 
– (4.22), are calculated utilizing the mean and standard deviation from the likelihood 
function. Then, these new betas are input into Equation (4.23) with the vector IM values 
from the testing data. The result of Equation (4.23) is a set of values representing the 
probability of exceeding a given displacement threshold based on two IMs from the 
testing data. 
The final step in the ROC analysis is constructing the confusion matrix using the 
testing data probabilities, (𝑃𝑃𝑖𝑖), and varying probability thresholds (𝑝𝑝0). The 𝑝𝑝0 values are 
evenly spaced between zero and one such that its length matches that of the testing data 
probabilities. Each probability in 𝑃𝑃𝑖𝑖  is compared against a single 𝑝𝑝0 value to construct one 
column in the predicted damage matrix that is 𝑃𝑃𝑖𝑖 x 𝑃𝑃𝑖𝑖 in length and width and contains 
either ones or negative ones. When 𝑃𝑃𝑖𝑖 ≥ 𝑝𝑝0 the predicted damage, 𝑑𝑑𝑖𝑖, is equal to 1, and 
when 𝑃𝑃𝑖𝑖 < 𝑝𝑝0  𝑑𝑑𝑖𝑖 equals -1. For example, the first column of the predicted values matrix 
is based upon 𝑝𝑝0 = 0, and the final column reflects the predicted values for 𝑝𝑝0 = 1. The 
first and last columns of the predicted damage matrix represent the beginning and end 
points on the ROC curve, which are (1,1) and (0,0), respectively. Next, the real 
displacements of the block are used to construct a vector of actual responses that is the 
same length as 𝑃𝑃𝑖𝑖. If the translational or rotational displacement of the block is greater 
than the given displacement threshold, the actual response vector, d, is given a value of 1. 
If the displacement threshold is not exceeded a value of -1 is applied. Then, the columns 
of the predict damage matrix, 𝑑𝑑𝑖𝑖, are compared against the vector of actual damages, d. 
The outcomes of the comparison of predicted versus true values are categorized into four 
possible combinations: 
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• For 𝑑𝑑𝑖𝑖 = 1,𝑑𝑑 = 1: true positive 
• For 𝑑𝑑𝑖𝑖 = 1,𝑑𝑑 = −1:  false positive 
• For 𝑑𝑑𝑖𝑖 = −1,𝑑𝑑 = 1: false negative 
• For 𝑑𝑑𝑖𝑖 = −1,𝑑𝑑 = −1: true negative 
The total number of true positives, false positives, false negatives, and true negatives for 
each column of the predicted damage matrix are recorded and represent the confusion 
matrix (see Figure 4.11). Using this matrix, the false positive rate and sensitivity can be 
calculated for each comparison between the predicted damage matrix and vector of actual 
damages. The x-axis of the ROC curve is denoted as the false positive rate, which is 
calculated using:  
𝐹𝐹𝑃𝑃 𝑅𝑅𝑊𝑊𝑡𝑡𝑉𝑉 = 𝑎𝑎𝑔𝑔𝑎𝑎𝑚𝑚𝑎𝑎 # 𝑔𝑔𝑓𝑓 𝑓𝑓𝑚𝑚𝑎𝑎𝑠𝑠𝑎𝑎 𝑝𝑝𝑔𝑔𝑠𝑠𝑖𝑖𝑎𝑎𝑖𝑖𝑣𝑣𝑎𝑎𝑠𝑠
𝑎𝑎𝑔𝑔𝑎𝑎𝑚𝑚𝑎𝑎 # 𝑔𝑔𝑓𝑓 𝑓𝑓𝑚𝑚𝑎𝑎𝑠𝑠𝑎𝑎 𝑝𝑝𝑔𝑔𝑠𝑠𝑖𝑖𝑎𝑎𝑖𝑖𝑣𝑣𝑎𝑎𝑠𝑠+𝑎𝑎𝑔𝑔𝑎𝑎𝑚𝑚𝑎𝑎 𝑛𝑛𝑎𝑎𝑚𝑚𝑛𝑛𝑎𝑎𝑔𝑔 𝑔𝑔𝑓𝑓 𝑎𝑎𝑔𝑔𝑎𝑎𝑎𝑎 𝑛𝑛𝑎𝑎𝑔𝑔𝑚𝑚𝑎𝑎𝑖𝑖𝑣𝑣𝑎𝑎𝑠𝑠  (4.25)  
Similarly, the y-axis of the ROC curve is represented by the data sensitivity or the true 
positive rate: 
𝐴𝐴𝑉𝑉𝑠𝑠𝜇𝜇𝑠𝑠𝑡𝑡𝑠𝑠𝑣𝑣𝑠𝑠𝑡𝑡𝑦𝑦 = 𝑎𝑎𝑔𝑔𝑎𝑎𝑚𝑚𝑎𝑎 # 𝑔𝑔𝑓𝑓 𝑎𝑎𝑔𝑔𝑎𝑎𝑎𝑎 𝑝𝑝𝑔𝑔𝑠𝑠𝑖𝑖𝑎𝑎𝑖𝑖𝑣𝑣𝑎𝑎𝑠𝑠
𝑎𝑎𝑔𝑔𝑎𝑎𝑚𝑚𝑎𝑎 # 𝑔𝑔𝑓𝑓 𝑎𝑎𝑔𝑔𝑎𝑎𝑎𝑎 𝑝𝑝𝑔𝑔𝑠𝑠𝑖𝑖𝑎𝑎𝑖𝑖𝑣𝑣𝑎𝑎𝑠𝑠+𝑎𝑎𝑔𝑔𝑎𝑎𝑚𝑚𝑎𝑎 𝑛𝑛𝑎𝑎𝑚𝑚𝑛𝑛𝑎𝑎𝑔𝑔 𝑔𝑔𝑓𝑓 𝑓𝑓𝑚𝑚𝑎𝑎𝑠𝑠𝑎𝑎 𝑛𝑛𝑎𝑎𝑔𝑔𝑚𝑚𝑎𝑎𝑖𝑖𝑣𝑣𝑎𝑎𝑠𝑠  (4.26)  
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Figure 4.11 Confusion matrix for ROC curve 
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This process is performed 10 times as part of a 10-fold cross-validation scheme, 
and at the end, the sensitivities and false positive rates are averaged over the 10 cases and 
used to construct the ROC curve. The final calculation in the ROC analysis is the area 
under the curve, which is approximated with MATLAB’s trapz function (MathWorks, 
2019). An area under the curve (AUC) value close to one suggests a strong correlation 
between the vector IMs and the dynamic response of the block. Conversely, AUC values 
close to 0.5 or lower indicate that the probability of the vector IM correctly predicting 
failure is equivalent to flipping a coin and is representative of a poor probabilistic 
relationship (Fischer et al., 2003). However, vector IMs with AUC values between 0.7 – 
0.9 are considered to be moderately accurate and acceptable for many situations (Fischer 
et al., 2003). For a higher AUC value, the ROC model should minimize the number of 
false positives and false negatives, while also increasing true positives and true negatives, 
ultimately leading to high sensitivity and low false positive rate. Having both high 
sensitivity and a low false positive rate shifts the curve closer to the top left corner of the 
plot, or (0, 1), which increases the AUC and indicates a better correlation between the 
IMs and the block’s response. 
The process described above refers to the general ROC method, where the 
demand can be approximated by a single plane with respect to the IM pair. For the 
datasets determined to be biplanar with respect to the IM pair, the process is almost 
identical, but the planar data is analyzed separately up until the construction of the 
confusion matrix. Before the ROC analysis can begin, the cutoff point separating the two 
planes must be determined. The location of the cutoff point was found by fitting two 
planes to the 3D scatterplot data and iterating through several possible boundary points 
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until the correlation coefficient, R², of the two planes was optimized. The planes were 
then divided into two datasets using the located cutoff point. First, a nonlinear regression 
is applied to each plane using Equation (4.17) to obtain four regression coefficients. The 
data is then equally segmented into training and testing. Next, the vector IM data in the 
training group for each plane are linearly combined to form 𝑋𝑋𝑖𝑖, see Equation (4.18). 
These two hybrid IM values are lognormally distributed using Equation (4.19) and 
coefficients from Equations (4.20) – (4.22) are calculated utilizing the standard deviation 
and mean from the lognormal distribution. Now, the probability of exceeding a damage 
state given two IMs for the two sets of training data is calculated using Equation (4.23). 
Like before, the probability of exceeding a damage level is incorporated into a likelihood 
function, Equation (4.24), to determine the new coefficients that will ‘train’ the testing 
dataset. The newly calculated coefficients for each plane are input into Equation (4.23) 
along with the corresponding testing data to find the probability distribution of exceeding 
a displacement threshold given two IMs for both sets of planar data. The probabilities for 
each plane are combined into a single vector and the same procedure from the original 
ROC method is used to construct the confusion matrices and the ROC curve.  
Proficiency for Rocking Demands 
Efficiency refers to low variation in structural demands given an intensity 
measure (IM) and needs to be considered when selecting a robust IM. Two additional 
measures of IM performance are practicality and proficiency. Practicality is a measure of 
the correlation between an IM and structural demand, whereas proficiency is used to 
assess both efficiency and practicality (Padgett et al., 2008). Conventional methods for 
evaluating the efficiency, practicality, and proficiency of an IM were proposed 
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independently by Luco and Cornell (2007) as well as Padgett et al. (2008). First, a plane 
or line is fitted to the scattered data, where the general equation of a three-dimensional 
plane is given by: ln(𝐷𝐷𝑚𝑚) = 𝑏𝑏1 ln(𝐼𝐼𝐼𝐼𝑥𝑥) + 𝑏𝑏2 ln�𝐼𝐼𝐼𝐼𝑦𝑦� + ln(𝑊𝑊)  (4.27)  
Where, 𝐷𝐷𝑚𝑚 refers to the structural response, 𝐼𝐼𝐼𝐼𝑥𝑥 and 𝐼𝐼𝐼𝐼𝑦𝑦 are the vector IMs plotted on 
the x- and y-axes, and a, 𝑏𝑏1, and 𝑏𝑏2 are the planar regression coefficients. The goodness-
of-fit of the planes also corresponds to how well the vector IMs correlate with the 
structural demands. A dispersion term is implemented to measure efficiency (Padgett et 
al., 2008). An efficient IM should have a relatively low dispersion, which indicates the 
accuracy at which it can be used to predict the displacement demands (Luco and Cornell, 
2007). The x- and y-slope values from the nonlinear regression fit, are utilized to evaluate 
the practicality of the IMs. From Padgett et al. (2008), the slope regression parameter 
indicates whether there is any direct relationship between the structural demand and the 
IM. Thus, a low slope value suggests that the IM has little to no contribution to the 
response estimate, which is why high slope values imply a more practical IM. Finally, the 
proficiency of the vector IM is measured as the ratio of efficiency to practicality (Padgett 
et al., 2008). Since this metric considers efficiency, where a low value is desired, and 
practicality, in which a high slope is desired, a small value of ζ indicates a proficient IM 
pair. Recall that the area under the curve (AUC) determines if there is a strong 
relationship between a vector IM and structural demand by examining the ability of a 
vector IM to correctly predict a failure response. Based on the definitions of these three 
measures of IM performance, it can be argued that the AUC calculated through Receiver 
Operator Characteristic (ROC) Analysis is representative of the proficiency of a vector 
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IM; thus, a high AUC is indicative of a proficient IM pair. 
After completing the ROC analysis, it was determined that the top-performing 
vector IM pairs for both sliding and rocking were ASI for 1 to 1.5 seconds and CAV, 
CAV and SI for 1 to 1.5 seconds, CAV and SI for 1 to 2.5 seconds, CAV and SI for 0.1 to 
3 seconds, CAV and SI for 0.1 to 2.5 seconds, PHA and ASI for 2 to 2.5 seconds, PHA 
and SI for 0.1 to 2.5 seconds, PHA and SI for 2 to 2.5 seconds, and PHV and SI for 0.1 to 
2.5 seconds. These nine pairs were selected because their mean AUC values, across all 
the geometry cases for both sliding and rocking demands, were above 0.7, which is 
typically considered the lower-bound for an acceptable predictor (Fischer et al., 2003).  
ROC curves for slide-rocking case 4 at thresholds of 10% and 70% of α for three 
vector IMs are shown in Figure 4.12 and Figure 4.13, respectively. As mentioned 
previously, ROC curves that are close to (0, 1) are representative of a strong probabilistic 
relationship, which would have an AUC value close to unity. Minimizing the number of 
false positives and false negatives shifts the curve towards (0, 1), which increases the 
AUC, and demonstrates that the predictor variable (the vector IM) is capable of 
predicting more true outcomes than false ones. From looking at the graphs in Figures 
4.12 and 4.13, it can be said that: 
• Figure 4.12a has a lower number of false negatives and false positives compared 
to Figure 4.12b and 4.12c since its curve is closer to (0, 1).  
• The graphs in Figure 4.13 are better at predicting larger levels of damage since 
the curves are closer to the top left corner. 
• The trend in Figure 4.13c is caused by a large amount of false positives and no 
false negatives, indicating that the vector IM is predicting more instances of 
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failure than what actually occurred.  
AUC values for the various structural geometries and vector IM pairs and their 
respective mean and standard deviation values are listed in Table 4.11 through Table 
4.15. In general, AUC values are lower at damage thresholds around 10% to 20% of α, 
which correspond to about 1 – 4 degrees of rotation for the structural geometries analyzed 
and can be considered “minor rocking”. In the biplanar plots, the top plane is 
representative of greater displacement, and the bottom plane represents lower 
displacement thresholds that are close to the initiation of rocking, which is just a 
deterministic function of PHA. This trend may contribute to the lower AUC values seen 
for lower thresholds of damage. In addition, it could be argued that AUC values were 
greater for higher thresholds of rotational displacement because the rotation eventually 
converges at overturning, making the variability of greater response thresholds lower than 
the dispersion between much lower levels of rotational displacement. This suggests that 
the vector IMs are better at predicting moderate to high levels of damage as opposed to 
low degrees of damage. For example, from Table 4.15, the AUC for Figure 4.12b is 
0.772, whereas the AUC for Figure 4.13b is 0.920. The best-performing vector IM for 
slide-rocking geometry case 4 in terms of rocking demands is CAV and SI for 1 to 1.5 
seconds, which has the largest mean, 0.935, and smallest standard deviation, 0.034. 
Conversely, PHV and SI for 0.1 to 2.5 seconds was a lower-performing pair for this 
geometry case and had the lowest mean AUC, 0.783, and the second-highest standard 
deviation, 0.078. Overall, the worst-performing vector IM was PHA and ASI for 2 to 2.5 
seconds, which had the highest standard deviations and lowest mean AUC values 
throughout the five geometry cases for rocking demands.  
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(a) (b) (c) 
Figure 4.12 ROC curves for slide-rocking case 4 at 10% of α: (a) CAV and SI for 1 
to 1.5 seconds. (b) PHA and ASI for 2 to 2.5 seconds. (c) PHV and SI for 0.1 to 2.5 
seconds. 
 
   
(a) (b) (c) 
Figure 4.13 ROC curves for slide-rocking case 4 at 70% of α: (a) CAV and SI for 1 
to 1.5 seconds. (b) PHA and ASI for 2 to 2.5 seconds. (c) PHV and SI for 0.1 to 2.5 
seconds. 
 
 
 
0 0.5 1
False Positive Rate
0
0.2
0.4
0.6
0.8
1
Se
ns
iti
vi
ty
0 0.5 1
False Positive Rate
0
0.2
0.4
0.6
0.8
1
Se
ns
iti
vi
ty
0 0.5 1
False Positive Rate
0
0.2
0.4
0.6
0.8
1
Se
ns
iti
vi
ty
0 0.5 1
False Positive Rate
0
0.2
0.4
0.6
0.8
1
Se
ns
iti
vi
ty
0 0.5 1
False Positive Rate
0
0.2
0.4
0.6
0.8
1
Se
ns
iti
vi
ty
0 0.5 1
False Positive Rate
0
0.2
0.4
0.6
0.8
1
Se
ns
iti
vi
ty
78 
Table 4.11 AUC values for top vector IM pairs for pure rocking geometry¹. 
Threshold 
ASI 
(1-1.5 
s) & 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV 
& SI 
(0.1-3 
s) 
CAV 
& SI 
(0.1-
2.5 s) 
PHA 
& ASI 
(2-2.5 
s) 
PHA 
& SI 
(2-2.5 
s) 
PHA 
& SI 
(0.1-
2.5 s) 
PHV 
& SI 
(0.1-
2.5 s) 
10% 0.790 0.782 0.757 0.746 0.780 0.685 0.700 0.724 0.779 
20% 0.891 0.873 0.808 0.825 0.875 0.770 0.829 0.782 0.882 
30% 0.945 0.928 0.838 0.874 0.927 0.783 0.862 0.845 0.925 
40% 0.959 0.948 0.847 0.888 0.937 0.810 0.853 0.880 0.937 
50% 0.956 0.944 0.865 0.896 0.943 0.823 0.839 0.911 0.946 
60% 0.946 0.946 0.876 0.917 0.944 0.850 0.819 0.924 0.946 
70% 0.918 0.934 0.880 0.927 0.936 0.900 0.791 0.929 0.933 
80% 0.910 0.920 0.874 0.919 0.918 0.933 0.784 0.929 0.925 
90% 0.884 0.919 0.887 0.935 0.921 0.960 0.803 0.924 0.916 
Overturned 0.893 0.889 0.920 0.909 0.898 0.890 0.901 0.889 0.907 
Mean 0.911 0.910 0.848 0.881 0.909 0.835 0.809 0.872 0.910 
Standard 
Deviation 0.05 0.05 0.04 0.057 0.05 0.082 0.046 0.07 0.05 
¹ Values in red correspond to the vector IM(s) with the largest mean and lowest 
standard deviation in terms of AUC 
 
Table 4.12 AUC values for top vector IM pairs for slide-rocking geometry 1 rocking 
demands¹. 
Threshold 
ASI 
(1-1.5 
s) & 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV 
& SI 
(0.1-3 
s) 
CAV 
& SI 
(0.1-
2.5 s) 
PHA 
& ASI 
(2-2.5 
s) 
PHA 
& SI 
(2-2.5 
s) 
PHA 
& SI 
(0.1-
2.5 s) 
PHV 
& SI 
(0.1-
2.5 s) 
10% 0.782 0.753 0.767 0.733 0.766 0.664 0.742 0.702 0.764 
20% 0.879 0.863 0.827 0.816 0.869 0.730 0.834 0.798 0.861 
30% 0.927 0.910 0.869 0.865 0.901 0.752 0.856 0.859 0.902 
40% 0.957 0.945 0.886 0.884 0.939 0.773 0.873 0.884 0.933 
50% 0.958 0.957 0.887 0.890 0.945 0.820 0.848 0.898 0.942 
60% 0.938 0.960 0.883 0.886 0.948 0.853 0.851 0.920 0.951 
70% 0.914 0.966 0.907 0.892 0.952 0.886 0.824 0.929 0.960 
80% 0.888 0.965 0.885 0.875 0.948 0.901 0.833 0.941 0.965 
90% 0.847 0.961 0.849 0.847 0.928 0.907 0.865 0.928 0.952 
Overturned 0.908 0.920 0.929 0.900 0.909 0.929 0.927 0.938 0.916 
Mean 0.899 0.920 0.862 0.854 0.911 0.810 0.836 0.873 0.915 
Standard 
Deviation 0.054 0.067 0.040 0.049 0.057 0.080 0.036 0.074 0.062 
¹ Values in red correspond to the vector IM(s) with the largest mean and lowest 
standard deviation in terms of AUC 
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Table 4.13 AUC values for top vector IM pairs for slide-rocking geometry 2 rocking 
demands¹. 
Threshold 
ASI 
(1-1.5 
s) & 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV 
& SI 
(0.1-3 
s) 
CAV 
& SI 
(0.1-
2.5 s) 
PHA 
& ASI 
(2-2.5 
s) 
PHA 
& SI 
(2-2.5 
s) 
PHA 
& SI 
(0.1-
2.5 s) 
PHV 
& SI 
(0.1-
2.5 s) 
10% 0.781 0.752 0.752 0.707 0.764 0.551 0.571 0.640 0.749 
20% 0.878 0.859 0.801 0.803 0.858 0.638 0.701 0.730 0.847 
30% 0.928 0.924 0.843 0.853 0.899 0.681 0.769 0.800 0.900 
40% 0.963 0.951 0.865 0.875 0.942 0.723 0.779 0.846 0.934 
50% 0.969 0.946 0.868 0.893 0.949 0.750 0.780 0.881 0.950 
60% 0.956 0.908 0.879 0.898 0.951 0.778 0.748 0.889 0.948 
70% 0.950 0.921 0.888 0.913 0.957 0.843 0.736 0.929 0.959 
80% 0.922 0.929 0.878 0.910 0.968 0.896 0.749 0.963 0.958 
90% 0.893 0.943 0.856 0.884 0.958 0.916 0.778 0.958 0.947 
Overturned 0.898 0.898 0.929 0.914 0.909 0.909 0.906 0.903 0.915 
Mean 0.916 0.904 0.848 0.860 0.916 0.753 0.735 0.848 0.910 
Standard 
Deviation 0.056 0.060 0.042 0.063 0.063 0.113 0.063 0.102 0.066 
¹ Values in red correspond to the vector IM(s) with the largest mean and lowest 
standard deviation in terms of AUC 
 
Table 4.14 AUC values for top vector IM pairs for slide-rocking geometry 3 rocking 
demands¹. 
Threshold 
ASI 
(1-1.5 
s) & 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV 
& SI 
(0.1-3 
s) 
CAV 
& SI 
(0.1-
2.5 s) 
PHA 
& ASI 
(2-2.5 
s) 
PHA 
& SI 
(2-2.5 
s) 
PHA 
& SI 
(0.1-
2.5 s) 
PHV 
& SI 
(0.1-
2.5 s) 
10% 0.794 0.764 0.725 0.697 0.766 0.616 0.648 0.683 0.768 
20% 0.868 0.850 0.780 0.777 0.846 0.664 0.795 0.718 0.855 
30% 0.940 0.930 0.829 0.845 0.915 0.704 0.854 0.796 0.906 
40% 0.960 0.944 0.839 0.873 0.932 0.759 0.879 0.849 0.935 
50% 0.953 0.930 0.856 0.897 0.946 0.777 0.848 0.878 0.946 
60% 0.943 0.924 0.865 0.907 0.950 0.813 0.835 0.905 0.945 
70% 0.926 0.918 0.844 0.911 0.946 0.858 0.807 0.917 0.945 
80% 0.908 0.914 0.874 0.913 0.937 0.888 0.810 0.932 0.931 
90% 0.902 0.916 0.867 0.926 0.944 0.941 0.832 0.957 0.939 
Overturned 0.901 0.897 0.927 0.912 0.904 0.889 0.903 0.885 0.913 
Mean 0.910 0.899 0.831 0.861 0.909 0.780 0.812 0.848 0.908 
Standard 
Deviation 0.049 0.054 0.046 0.072 0.059 0.101 0.063 0.091 0.057 
¹ Values in red correspond to the vector IM(s) with the largest mean and lowest 
standard deviation in terms of AUC 
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Table 4.15 AUC values for top vector IM pairs for slide-rocking geometry 4 rocking 
demands¹. 
Threshold 
ASI 
(1-1.5 
s) & 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV 
& SI 
(0.1-3 
s) 
CAV 
& SI 
(0.1-
2.5 s) 
PHA 
& ASI 
(2-2.5 
s) 
PHA 
& SI 
(2-2.5 
s) 
PHA 
& SI 
(0.1-
2.5 s) 
PHV 
& SI 
(0.1-
2.5 s) 
10% 0.899 0.877 0.852 0.854 0.887 0.772 0.825 0.826 0.864 
20% 0.947 0.947 0.915 0.923 0.954 0.846 0.866 0.894 0.902 
30% 0.923 0.975 0.951 0.917 0.974 0.895 0.861 0.920 0.873 
40% 0.857 0.971 0.957 0.891 0.955 0.912 0.900 0.932 0.807 
50% 0.824 0.966 0.948 0.864 0.938 0.921 0.914 0.928 0.776 
60% 0.779 0.951 0.929 0.823 0.907 0.923 0.938 0.921 0.737 
70% 0.761 0.931 0.880 0.792 0.861 0.920 0.946 0.906 0.706 
80% 0.722 0.903 0.852 0.760 0.822 0.937 0.961 0.868 0.687 
90% 0.713 0.890 0.831 0.738 0.799 0.929 0.960 0.852 0.697 
Overturned 0.714 0.875 0.877 0.760 0.789 0.924 0.931 0.918 0.882 
Mean 0.825 0.935 0.902 0.840 0.900 0.895 0.908 0.894 0.783 
Standard 
Deviation 0.082 0.034 0.046 0.063 0.059 0.050 0.046 0.035 0.078 
¹ Values in red correspond to the vector IM(s) with the largest mean and lowest 
standard deviation in terms of AUC 
 
Robustness for Rocking Demands 
In addition to proficiency, the vector intensity measures (IMs) are evaluated with 
respect to robustness or how well the vector IM performs across various structural 
geometries, damage thresholds, and friction coefficients. Figure 4.14 and Figure 4.15 plot 
the area under the curve (AUC) values for each structural geometry as a function of each 
damage threshold and friction coefficient. For each vector IM, there was some variability 
across the nine threshold values. The geometry cases for pure rocking and slide-rocking 
cases 1 through 3 produced similar AUC results for the nine vector IMs; however, slide-
rocking case 4 tended to deviate from the other four cases. For the planar vector IMs 
(ASI for 1 to 1.5 seconds and CAV, CAV and SI for 1 to 1.5 seconds, CAV and SI for 1 
to 2.5 seconds, CAV and SI for 0.1 to 3 seconds, CAV and SI for 0.1 to 2.5 seconds, 
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PHV and SI for 0.1 to 2.5 seconds), the AUC values for slide-rocking case 4 start to 
decline around a threshold level of 40% of α whereas the other cases start to decline at 
larger displacement thresholds. From section 4.1.2, slide-rocking case 4 has the greatest 
critical angle, α, out of all of the block geometries, which means that it has the greatest 
rotational displacement thresholds. For example, 80% of α for slide-rocking cases 2 and 4 
correspond to 0.196 radians and 0.304 radians, respectively. There are fewer rotational 
displacement values greater than the 80% threshold for slide-rocking case 4 than there are 
for the other geometry cases, leading to the lower AUC values seen in Figure 4.14. For 
the biplanar vector IMs (PHA and ASI for 2 to 2.5 seconds, PHA and SI for 2 to 2.5 
seconds, PHA and SI for 0.1 to 2.5 seconds), the AUC values for slide-rocking case 4 
continued to increase across the multiple thresholds. The correlation coefficients for the 
three biplanar vector IMs for each geometry case are shown in Table 4.16. Slide-rocking 
case 4 has the highest R², indicating a superior biplanar fit and decreased scatter, which 
may explain the increased AUC values for the fourth slide-rocking geometry. Plane 1 
represents the higher values of rotational displacement and Plane 2 corresponds to the 
lower values of rotational displacement. Figure 4.15 plots the AUC values for all 
structural geometries as a function of the coefficient of friction for each of the vector 
IMs. While the AUC values at each level of the coefficient of friction varied 
substantially, there does not appear to be any correlation with the coefficient of friction. 
Therefore, each of these vector IM pairs can be considered fairly robust with respect to 
the coefficient of friction.   
In an effort to quantify the robustness in addition to the graphical interpretation, a 
linear regression analysis is utilized, and the slope and standard deviation quantified. If 
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the slope is close to zero, the AUC is not correlated with the demand or the friction, 
which would signify a robust IM The standard deviation and trendline slopes for each 
plot are listed and quantify the robustness of the nine proposed vector IMs (Table 4.17). 
A truly robust vector IM pair should have a trendline slope close to zero and a low value 
of dispersion, indicating consistency across all damage levels and different friction 
coefficients. ASI for 1 to 1.5 seconds and CAV, and CAV and SI for 1 to 2.5 seconds 
have the smallest linear regression slopes out of the nine vector IMs, but there is less 
dispersion in the dataset for CAV and SI for 1 to 2.5 seconds. This implies that CAV and 
SI for 1 to 2.5 seconds is the most robust vector IM in regard to rocking demands. Before 
making a final selection, the performance of the vector IMs under sliding demands needs 
to be considered.   
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Figure 4.14 AUC values for rocking demands vs. damage thresholds 
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Figure 4.15 AUC values for rocking demands vs. coefficients of static friction 
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Table 4.16 Correlation coefficients for vector IMs with biplanar behavior under 
rocking demands. 
Vector IMs 
Geometry Case 
Rocking 
Slide-
Rocking 
1 
Slide-
Rocking 
2 
Slide-
Rocking 
3 
Slide-
Rocking 
4 
  R² for Plane 1 
PHA ASI2 to 2.5 s 0.858 0.865 0.883 0.863 0.915 
PHA SI2 to 2.5 s 0.875 0.857 0.890 0.869 0.875 
PHA SI0.1 to 2.5 s 0.911 0.895 0.921 0.900 0.877 
  R² for Plane 2 
PHA ASI2 to 2.5 s 0.842 0.743 0.820 0.748 0.845 
PHA SI2 to 2.5 s 0.834 0.742 0.820 0.749 0.820 
PHA SI0.1 to 2.5 s 0.742 0.661 0.766 0.660 0.752 
 
 
Table 4.17 Vector IM AUC trend line data for all rocking demands. 
Vector IMs Slope of Regression Line Standard Deviation of AUC ASI1 to 1.5 s CAV -2.78E-05 0.069 
CAV SI1 to 1.5 s 1.15E-03 0.056 
CAV SI1 to 2.5 s 8.74E-04 0.050 
CAV SI0.1 to 3 s 1.09E-03 0.063 
CAV SI0.1 to 2.5 s 9.94E-04 0.059 
PHA ASI2 to 2.5 s 3.20E-03 0.102 
PHA SI2 to 2.5 s 1.02E-03 0.077 
PHA SI0.1 to 2.5 s 2.42E-03 0.081 
PHV SI0.1 to 2.5 s 8.13E-04 0.082 
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Proficiency for Sliding Demands 
Receiver Operator Characteristic (ROC) curves for CAV and ASI for 1 to 1.5 
seconds, PHA and ASI for 2 to 2.5 seconds, and PHV and SI for 0.1 to 2.5 seconds for 
slide-rocking case 4 are shown in Figure 4.16 and Figure 4.17 below for damage 
thresholds corresponding to 20% and 45% of B. From looking at the graphs in Figures 
4.16 and 4.17, it can be said that: 
• The ROC curves in Figure 4.16 are indicative of a strong probabilistic 
relationship since the curves are close to (0, 1). 
• The ROC curves in Figure 4.17 show more deviation from the y-axis, but still 
have a relatively high sensitivity.  
• The increased distance from the y-axis, especially for Figure 4.17b and Figure 
4.16c, suggest that these cases had more false positives than the ROC curves for a 
lower damage threshold.  
An increased number of false positive occurrences demonstrates that the vector IMs are 
not accurately predicting the amount of instances where the damage threshold was 
surpassed for larger translational displacements.  
AUC values for the top-performing vector intensity measure (IM) pairs and the 
different geometries are listed in Table 4.18 through Table 4.22, along with the 
representative mean and standard deviation. Unlike the rocking cases, the AUC values 
are generally higher for lower displacement threshold values, which correspond to 0.1 to 
0.4 meters. The scatter plots from Figure 4.2 and Figure 4.3 show that the majority of the 
translational displacements for the five sliding response cases were under 1 meter. The 
increased amount of smaller translational displacements due to sliding may suggest why 
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the AUC values are higher for lower lateral displacements. For example, from Table 
4.22, the AUC for Figure 4.16a is 0.979, but the AUC for Figure 4.17a is 0.871. 
Furthermore, when a structure approaches overturning, it becomes unstable and can 
experience significant amounts of sliding. This instability may be a reason for seeing 
lower AUC values at higher displacement levels.  
Overall, the top-performing vector IM for slide-rocking case 4 was PHA and ASI 
for 2 to 2.5 seconds since it had the largest mean AUC and the smallest standard 
deviation. The pair with the lowest mean AUC and highest standard deviation for slide-
rocking case 4 was ASI for 1 to 1.5 seconds and CAV. For the sliding demands, there 
was not a single vector IM pair that consistently performed poorly across the five 
geometries.  
 
   
(a) (b) (c) 
Figure 4.16 ROC curves for slide-rocking case 4 for 20% of B: (a) CAV and SI for 1 
to 1.5 seconds. (b) PHA and ASI for 2 to 2.5 seconds. (c) PHV and SI for 0.1 to 2.5 
seconds. 
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(a) (b) (c) 
Figure 4.17 ROC curves for slide-rocking case 4 for 45% of B: (a) ASI for 1 to 1.5 
seconds and CAV. (b) CAV and SI for 0.1 to 2.5 seconds. (c) PHA and ASI for 2 to 
2.5 seconds. 
 
Table 4.18 AUC values for top vector IM pairs for pure sliding geometry¹. 
Threshold 
ASI 
(1-1.5 
s) & 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV 
& SI 
(0.1-3 
s) 
CAV 
& SI 
(0.1-
2.5 s) 
PHA 
& ASI 
(2-2.5 
s) 
PHA 
& SI 
(2-2.5 
s) 
PHA 
& SI 
(0.1-
2.5 s) 
PHV 
& SI 
(0.1-
2.5 s) 
20% 0.949 0.950 0.973 0.963 0.949 0.816 0.887 0.867 0.947 
25% 0.950 0.952 0.972 0.961 0.948 0.826 0.899 0.863 0.947 
30% 0.949 0.947 0.967 0.957 0.950 0.837 0.898 0.853 0.949 
35% 0.948 0.950 0.966 0.955 0.948 0.839 0.892 0.841 0.942 
40% 0.952 0.952 0.965 0.959 0.948 0.837 0.882 0.838 0.942 
45% 0.951 0.955 0.968 0.960 0.952 0.834 0.875 0.829 0.948 
50% 0.949 0.950 0.963 0.957 0.949 0.837 0.873 0.809 0.947 
55% 0.950 0.951 0.962 0.957 0.950 0.840 0.863 0.798 0.953 
Mean 0.950 0.951 0.967 0.959 0.949 0.833 0.884 0.837 0.947 
Standard 
Deviation 0.001 0.002 0.004 0.002 0.001 0.008 0.012 0.023 0.003 
¹ Values in red correspond to the vector IM(s) with the largest mean and lowest 
standard deviation in terms of AUC 
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Table 4.19 AUC values for top vector IM pairs for slide-rocking geometry 1 sliding 
demands¹. 
Threshold 
ASI 
(1-1.5 
s) & 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV 
& SI 
(0.1-3 
s) 
CAV 
& SI 
(0.1-
2.5 s) 
PHA 
& ASI 
(2-2.5 
s) 
PHA 
& SI 
(2-2.5 
s) 
PHA 
& SI 
(0.1-
2.5 s) 
PHV 
& SI 
(0.1-
2.5 s) 
20% 0.857 0.831 0.820 0.833 0.855 0.813 0.806 0.837 0.851 
25% 0.862 0.825 0.842 0.845 0.847 0.838 0.818 0.851 0.855 
30% 0.847 0.838 0.830 0.849 0.846 0.831 0.817 0.851 0.858 
35% 0.869 0.851 0.848 0.847 0.857 0.850 0.830 0.854 0.860 
40% 0.867 0.870 0.866 0.860 0.867 0.851 0.842 0.866 0.874 
45% 0.851 0.860 0.855 0.861 0.868 0.866 0.840 0.867 0.865 
50% 0.859 0.866 0.864 0.863 0.879 0.878 0.866 0.874 0.883 
55% 0.859 0.858 0.861 0.862 0.870 0.867 0.867 0.851 0.880 
Mean 0.859 0.850 0.848 0.853 0.861 0.849 0.836 0.856 0.866 
Standard 
Deviation 0.007 0.016 0.016 0.010 0.011 0.020 0.021 0.011 0.011 
¹ Values in red correspond to the vector IM(s) with the largest mean and lowest 
standard deviation in terms of AUC 
 
 
Table 4.20 AUC values for top vector IM pairs for slide-rocking geometry 2 sliding 
demands¹. 
Threshold 
ASI 
(1-1.5 
s) & 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV 
& SI 
(0.1-3 
s) 
CAV 
& SI 
(0.1-
2.5 s) 
PHA 
& ASI 
(2-2.5 
s) 
PHA 
& SI 
(2-2.5 
s) 
PHA 
& SI 
(0.1-
2.5 s) 
PHV 
& SI 
(0.1-
2.5 s) 
20% 0.849 0.831 0.765 0.762 0.812 0.767 0.786 0.819 0.811 
25% 0.847 0.829 0.768 0.774 0.789 0.774 0.784 0.820 0.814 
30% 0.838 0.830 0.773 0.780 0.809 0.783 0.777 0.824 0.797 
35% 0.836 0.818 0.755 0.781 0.794 0.770 0.760 0.805 0.796 
40% 0.824 0.806 0.739 0.757 0.783 0.746 0.757 0.775 0.790 
45% 0.826 0.824 0.752 0.757 0.793 0.749 0.768 0.785 0.795 
50% 0.817 0.817 0.750 0.775 0.800 0.767 0.775 0.805 0.801 
55% 0.815 0.812 0.769 0.790 0.803 0.777 0.773 0.808 0.812 
Mean 0.832 0.821 0.759 0.772 0.798 0.767 0.773 0.805 0.802 
Standard 
Deviation 0.012 0.009 0.011 0.011 0.009 0.012 0.010 0.016 0.009 
¹ Values in red correspond to the vector IM(s) with the largest mean and lowest 
standard deviation in terms of AUC 
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Table 4.21 AUC values for top vector IM pairs for slide-rocking geometry 3 sliding 
demands¹. 
Threshold 
ASI 
(1-1.5 
s) & 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV 
& SI 
(0.1-3 
s) 
CAV 
& SI 
(0.1-
2.5 s) 
PHA 
& ASI 
(2-2.5 
s) 
PHA 
& SI 
(2-2.5 
s) 
PHA 
& SI 
(0.1-
2.5 s) 
PHV 
& SI 
(0.1-
2.5 s) 
20% 0.827 0.787 0.677 0.731 0.795 0.713 0.710 0.781 0.775 
25% 0.852 0.794 0.715 0.759 0.830 0.722 0.737 0.797 0.801 
30% 0.847 0.796 0.723 0.752 0.805 0.721 0.715 0.775 0.782 
35% 0.840 0.799 0.717 0.759 0.805 0.720 0.732 0.785 0.784 
40% 0.833 0.791 0.731 0.773 0.822 0.722 0.729 0.791 0.797 
45% 0.831 0.812 0.746 0.784 0.819 0.729 0.737 0.804 0.782 
50% 0.828 0.794 0.759 0.787 0.821 0.729 0.731 0.790 0.772 
55% 0.817 0.790 0.761 0.799 0.823 0.749 0.749 0.798 0.760 
Mean 0.834 0.795 0.729 0.768 0.815 0.726 0.730 0.790 0.782 
Standard 
Deviation 0.011 0.007 0.026 0.021 0.011 0.010 0.012 0.009 0.012 
¹ Values in red correspond to the vector IM(s) with the largest mean and lowest 
standard deviation in terms of AUC 
 
 
Table 4.22 AUC values for top vector IM pairs for slide-rocking geometry 4 sliding 
demands¹.  
Threshold 
ASI 
(1-1.5 
s) & 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV 
& SI 
(0.1-3 
s) 
CAV 
& SI 
(0.1-
2.5 s) 
PHA 
& ASI 
(2-2.5 
s) 
PHA 
& SI 
(2-2.5 
s) 
PHA 
& SI 
(0.1-
2.5 s) 
PHV 
& SI 
(0.1-
2.5 s) 
20% 0.969 0.979 0.975 0.957 0.974 0.965 0.957 0.975 0.970 
25% 0.940 0.963 0.969 0.950 0.958 0.962 0.969 0.970 0.954 
30% 0.881 0.925 0.930 0.891 0.925 0.941 0.939 0.933 0.898 
35% 0.848 0.910 0.935 0.875 0.906 0.944 0.946 0.918 0.881 
40% 0.803 0.899 0.922 0.834 0.868 0.936 0.943 0.891 0.841 
45% 0.757 0.871 0.891 0.807 0.824 0.922 0.940 0.851 0.791 
50% 0.720 0.842 0.866 0.754 0.778 0.878 0.939 0.796 0.748 
55% 0.693 0.823 0.827 0.735 0.757 0.851 0.937 0.766 0.716 
Mean 0.826 0.902 0.914 0.850 0.874 0.925 0.946 0.887 0.850 
Standard 
Deviation 0.094 0.051 0.047 0.078 0.076 0.038 0.010 0.072 0.087 
¹ Values in red correspond to the vector IM(s) with the largest mean and lowest 
standard deviation in terms of AUC 
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Robustness for Sliding Demands 
Plots reflecting the area under the curve (AUC) values versus displacement 
thresholds as well as static friction are shown in Figure 4.18 and Figure 4.19, 
respectively. From Figure 4.18, the calculated AUCs are more consistent when dependent 
upon sliding demands, as compared to the previous rocking demands. However, there is 
greater separation across the different geometry cases. As mentioned previously, robust 
vector intensity measures (IMs) should have consistent AUC values across multiple 
displacement thresholds and geometries, which corresponds to a regression line slope 
close to zero and a small standard deviation. The slope of the trendlines in Figure 4.18 as 
well as the standard deviation of the AUC data are listed in Table 4.23 for comparison. 
Although PHA and ASI for 2 to 2.5 seconds has the smallest trend line slope, the 
standard deviation is still relatively large. This indicates that the data may be consistent 
within an individual geometry case but differ significantly across multiple geometry 
cases. CAV and SI for 1 to 1.5 seconds has a low standard deviation and a relatively 
small slope, making it the most robust vector IM in terms of sliding demands.  
The AUC versus coefficient of static friction scatter plots, in Figure 4.19, are not 
as constant as the AUC versus displacement thresholds plots. As the coefficient of static 
friction increases, so does the amount of dispersion at a given friction level. This makes 
sense given that sliding behavior decreases with increasing friction, and the sliding 
demands will be more strongly tied to the rocking demands. This can be seen in Figure 
4.18, where the AUC values for the pure sliding geometry are the highest for nearly every 
IM pair while the structures that experienced both rocking and sliding demands had lower 
AUC values overall. Referring to the overall results in Table 4.17 and Table 4.23, CAV 
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and SI for 1 to 2.5 seconds was the most robust vector IM for rocking demands and CAV 
and SI for 1 to 1.5 seconds was the most robust for sliding demands. Both pairs displayed 
uniformity in their AUC values across multiple displacement thresholds and geometry 
cases compared to the other vector IMs. In the next section, the sufficiency of the 
proposed vector IMs will be evaluated in order to find the most optimal vector IM. 
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Figure 4.18 AUC values for sliding demands vs. damage thresholds 
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Figure 4.19 AUC values for sliding demands vs. coefficients of static friction 
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Table 4.23 Vector IM AUC trend line data for all sliding demands. 
Vector IMs Slope of Regression Line Standard Deviation of AUC ASI1 to 1.5 s CAV -1.96E-03 0.064 
CAV SI1 to 1.5 s -7.22E-04 0.062 
CAV SI1 to 2.5 s -2.63E-04 0.095 
CAV SI0.1 to 3 s -8.11E-04 0.080 
CAV SI0.1 to 2.5 s -1.07E-03 0.064 
PHA ASI2 to 2.5 s -7.59E-05 0.073 
PHA SI2 to 2.5 s 1.05E-04 0.079 
PHA SI0.1 to 2.5 s -1.57E-03 0.050 
PHV SI0.1 to 2.5 s -1.45E-03 0.071 
  
4.3.3 Sufficiency 
 As mentioned previously, computability and proficiency (measure of both 
efficiency and practicality) need to be considered when selecting a robust IM. Sufficiency 
must also be addressed and represents the intensity measure’s (IM) independence from 
earthquake magnitude and rupture distance. The sufficiency of the nine vector IM pairs 
was assessed by generating three-dimensional scatter plots and fitting a plane or planes, 
in the case of a biplanar relationship, to the data. First, the residuals from the 3D planar 
fit are plotted against the corresponding earthquake pulse magnitudes for a single rupture 
distance. Then, a linear regression is performed between the moment magnitudes and 
corresponding residuals, and the resulting p-value is used to assess the sufficiency of the 
vector IM pair (Luco and Cornell, 2007). For the biplanar vector IM pairs, two p-values 
are calculated for each plane, whereas only one p-value is calculated if the vector IM pair 
demonstrates planar behavior. If the p-value is greater than 0.05, the vector IM is 
independent from magnitude and rupture distance and is therefore sufficient. However, if 
the p-value is less than 0.05, the regression coefficient is statistically significant, and the 
vector IM is said to be insufficient. Sufficiency values for the nine vector IMs from the 
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Receiver Operator Characteristic (ROC) analysis are provided in two subsections, one for 
rocking demands and one for sliding demands.  
Sufficiency Results for Rocking 
The results of the sufficiency analysis for rocking demands are shown below in 
Table 4.24 through Table 4.28. Three out of the nine proposed vector intensity measures 
(IMs) were sufficient for all three earthquake rupture distances and geometry cases in 
terms of rocking demand: CAV and SI for 1 to 2.5 seconds, CAV and SI for 0.1 to 3 
seconds, and CAV and SI for 0.1 to 2.5 seconds. The p-values for rupture distances of 5 
km tended to be lower and more prone to insufficiency as compared to rupture distances 
of 10 and 15 km. The 3D scatter plot for two of the sufficient vector IMs for rocking 
demands and the corresponding residual plots for a rupture distance of 5 km are shown in 
Figure 4.20. The residual plots for both CAV and SI for 0.1 to 3 seconds as well as CAV 
and SI for 1 to 2.5 seconds have a near constant linear trend, indicative of their 
independence from earthquake magnitude and rupture distance. Although there is scatter 
present in both 3D log-scale plots, both CAV and SI for 0.1 to 3 seconds and CAV and SI 
for 1 to 2.5 seconds demonstrate planar behavior.  
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Table 4.24 Vector IM sufficiency for pure rocking demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =
𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 2 Plane 1 Plane 2 Plane 1 Plane 2 ASI1 to 1.5 s CAV 0.641 0.140 0.620 
CAV SI1 to 1.5 s 0.638 0.134 0.624 
CAV SI1 to 2.5 s 0.645 0.106 0.527 
CAV SI0.1 to 3 s 0.660 0.092 0.621 
CAV SI0.1 to 2.5 s 0.744 0.120 0.635 
PHA ASI2 to 2.5 s 0.134 0.428 0.104 0.383 0.174 0.761 
PHA SI2 to 2.5 s 0.070 0.659 0.177 0.170 0.044 0.908 
PHA SI0.1 to 2.5 s 0.305 0.825 0.058 0.040 0.005 0.506 
PHV SI0.1 to 2.5 s 0.765 0.090 0.654 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
 
Table 4.25 Vector IM sufficiency for slide-rocking case 1 rocking demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =
𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 2 Plane 1 Plane 2 Plane 1 Plane 2 ASI1 to 1.5 s CAV 0.626 0.903 0.731 
CAV SI1 to 1.5 s 0.623 0.902 0.745 
CAV SI1 to 2.5 s 0.506 0.925 0.974 
CAV SI0.1 to 3 s 0.559 0.909 0.745 
CAV SI0.1 to 2.5 s 0.610 0.877 0.655 
PHA ASI2 to 2.5 s 0.372 0.441 0.283 0.293 0.120 0.819 
PHA SI2 to 2.5 s 0.338 0.434 0.235 0.075 0.348 0.329 
PHA SI0.1 to 2.5 s 0.324 0.440 0.207 0.039 0.397 0.520 
PHV SI0.1 to 2.5 s 0.538 0.592 0.686 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
 
 
 
 
98 
Table 4.26 Vector IM sufficiency for slide-rocking case 2 rocking demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =
𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 2 Plane 1 Plane 2 Plane 1 Plane 2 ASI1 to 1.5 s CAV 0.228 0.431 0.238 
CAV SI1 to 1.5 s 0.228 0.422 0.235 
CAV SI1 to 2.5 s 0.257 0.359 0.228 
CAV SI0.1 to 3 s 0.260 0.384 0.219 
CAV SI0.1 to 2.5 s 0.298 0.390 0.247 
PHA ASI2 to 2.5 s 0.440 0.355 0.212 0.124 0.490 0.709 
PHA SI2 to 2.5 s 0.491 0.375 0.226 0.129 0.457 0.718 
PHA SI0.1 to 2.5 s 0.926 0.473 0.187 0.452 0.436 0.944 
PHV SI0.1 to 2.5 s 0.318 0.293 0.248 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
 
Table 4.27 Vector IM sufficiency for slide-rocking case 3 rocking demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =
𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 2 Plane 
1 
Plane 
2 
Plane 
1 
Plane 
2 ASI1 to 1.5 s CAV 0.030 0.116 0.186 
CAV SI1 to 1.5 s 0.031 0.109 0.178 
CAV SI1 to 2.5 s 0.054 0.067 0.139 
CAV SI0.1 to 3 s 0.051 0.071 0.146 
CAV SI0.1 to 2.5 s 0.050 0.087 0.199 
PHA ASI2 to 2.5 s 0.026 0.712 0.845 0.306 0.640 0.300 
PHA SI2 to 2.5 s 0.025 0.722 0.796 0.309 0.619 0.296 
PHA SI0.1 to 2.5 s 0.134 0.536 0.507 0.134 0.483 0.158 
PHV SI0.1 to 2.5 s 0.053 0.063 0.218 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
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Table 4.28 Vector IM sufficiency for slide-rocking case 4 rocking demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =
𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 2 Plane 1 Plane 2 Plane 1 Plane 2 ASI1 to 1.5 s CAV 0.043 0.342 0.082 
CAV SI1 to 1.5 s 0.043 0.327 0.084 
CAV SI1 to 2.5 s 0.056 0.157 0.115 
CAV SI0.1 to 3 s 0.052 0.203 0.101 
CAV SI0.1 to 2.5 s 0.052 0.333 0.093 
PHA ASI2 to 2.5 s 0.658 0.315 0.048 0.893 0.562 0.557 
PHA SI2 to 2.5 s 0.572 0.994 0.058 0.427 0.573 0.920 
PHA SI0.1 to 2.5 s 0.613 0.840 0.037 0.411 0.748 0.970 
PHV SI0.1 to 2.5 s 0.071 0.480 0.099 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
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(a) 
 
 
 
 
(b) 
Figure 4.20 (a) Sufficiency data for CAV and SI for 0.1 to 3 seconds for pure 
rocking demands at 5 km. (b) Sufficiency data for CAV and SI for 1 to 2.5 seconds 
for pure rocking demands at 5 km. 
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Sufficiency Results for Sliding 
The results of the sufficiency analysis for sliding demands are listed in Table 4.29 
through Table 4.33. CAV and SI for 0.1 to 3 seconds and CAV and SI for 0.1 to 2.5 
seconds were the only perfectly sufficient vector intensity measures (IMs) for the sliding 
demand cases. It could be argued that CAV and SI for 1 to 1.5 seconds was also 
sufficient for all the sliding demand cases since its only insufficient case was slide-
rocking case 3 at a rupture distance of 5 km, which resulted in a p-value of 0.048 (very 
close to 0.05). Similar to the rocking demands, the majority of the insufficient vector IMs 
were for a rupture distance of 5 km. This suggests the vector IMs are more sensitive to 
very near-fault rupture distances. The pure sliding geometry produced the majority of the 
insufficiencies, followed by slide-rocking case 3. Overall, the nine vector IMs were more 
sufficient for sliding demands compared to the rocking demands. Since CAV and SI for 
0.1 to 3 seconds, and CAV and SI for 1 to 1.5 seconds were sufficient for both rocking 
and sliding demands, their 3D log-scale plots and corresponding residual plots are shown 
in Figure 4.21. Again, the linear trend line for both residual plots is constant, which 
indicates independence from both earthquake magnitude and rupture distance. The two 
vector IMs also displayed planar behavior, but with less dispersion than the rocking 
demand plots.  
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Table 4.29 Vector IM sufficiency for pure sliding demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 2 Plane 1 
Plane 
2 
Plane 
1 
Plane 
2 ASI1 to 1.5 s CAV 0.511 0.454 0.862 
CAV SI1 to 1.5 s 0.518 0.459 0.854 
CAV SI1 to 2.5 s 0.620 0.575 0.716 
CAV SI0.1 to 3 s 0.482 0.531 0.810 
CAV SI0.1 to 2.5 s 0.395 0.454 0.966 
PHA ASI2 to 2.5 s 0.004 0.029 0.004 0.761 0.238 0.218 
PHA SI2 to 2.5 s 0.004 0.030 0.004 0.772 0.234 0.224 
PHA SI0.1 to 2.5 s 0.003 0.024 0.0002 0.503 0.080 0.087 
PHV SI0.1 to 2.5 s 0.291 0.957 0.824 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
 
Table 4.30 Vector IM sufficiency for slide-rocking case 1 sliding demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 1 Plane 1 ASI1 to 1.5 s CAV 0.532 0.380 0.816 
CAV SI1 to 1.5 s 0.542 0.378 0.816 
CAV SI1 to 2.5 s 0.443 0.450 0.895 
CAV SI0.1 to 3 s 0.360 0.442 0.983 
CAV SI0.1 to 2.5 s 0.434 0.423 0.943 
PHA ASI2 to 2.5 s 0.271 0.660 0.983 
PHA SI2 to 2.5 s 0.281 0.639 0.978 
PHA SI0.1 to 2.5 s 0.460 0.502 0.963 
PHV SI0.1 to 2.5 s 0.762 0.707 0.945 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
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Table 4.31 Vector IM sufficiency for slide-rocking case 2 sliding demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 1 Plane 1 ASI1 to 1.5 s CAV 0.124 0.774 0.467 
CAV SI1 to 1.5 s 0.119 0.774 0.462 
CAV SI1 to 2.5 s 0.094 0.755 0.497 
CAV SI0.1 to 3 s 0.124 0.716 0.581 
CAV SI0.1 to 2.5 s 0.153 0.763 0.610 
PHA ASI2 to 2.5 s 0.337 0.610 0.833 
PHA SI2 to 2.5 s 0.331 0.604 0.828 
PHA SI0.1 to 2.5 s 0.238 0.644 0.718 
PHV SI0.1 to 2.5 s 0.129 0.833 0.588 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
 
Table 4.32 Vector IM sufficiency for slide-rocking case 3 sliding demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 1 Plane 1 ASI1 to 1.5 s CAV 0.040 0.136 0.825 
CAV SI1 to 1.5 s 0.039 0.132 0.823 
CAV SI1 to 2.5 s 0.048 0.109 0.872 
CAV SI0.1 to 3 s 0.051 0.085 0.960 
CAV SI0.1 to 2.5 s 0.053 0.096 0.918 
PHA ASI2 to 2.5 s 0.140 0.101 0.915 
PHA SI2 to 2.5 s 0.138 0.099 0.917 
PHA SI0.1 to 2.5 s 0.091 0.064 0.960 
PHV SI0.1 to 2.5 s 0.038 0.191 0.936 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
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Table 4.33 Vector IM sufficiency for slide-rocking case 4 sliding demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 1 Plane 1 ASI1 to 1.5 s CAV 0.922 0.350 0.156 
CAV SI1 to 1.5 s 0.911 0.347 0.153 
CAV SI1 to 2.5 s 0.897 0.312 0.135 
CAV SI0.1 to 3 s 0.967 0.353 0.113 
CAV SI0.1 to 2.5 s 0.959 0.373 0.105 
PHA ASI2 to 2.5 s 0.699 0.413 0.133 
PHA SI2 to 2.5 s 0.716 0.415 0.131 
PHA SI0.1 to 2.5 s 0.903 0.443 0.086 
PHA SI0.1 to 2.5 s 0.936 0.543 0.140 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
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(a) 
  
(b) 
Figure 4.21(a) Sufficiency data for CAV and SI for 0.1 to 3 seconds for pure sliding 
demands at 5 km. (b) Sufficiency data for CAV and SI for 1 to 2.5 seconds for pure 
sliding demands at 5 km. 
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4.3.4 IM Performance for Alternative Geometries 
 While the previous sections outlined the performance of several vector intensity 
measures (IMs) with respect to proficiency, sufficiency, and computability, the 
robustness of the vector IMs was only able to be evaluated to a limited extent. Recall that 
the robustness reflects the proficiency of the vector IM across various geometries and 
friction coefficients of freestanding structures. To this end, five new structures were 
analyzed with the same 2719 earthquake pulses and corresponding 9 vector IMs. The 
geometry was kept constant for four of the five new structures at a tall aspect ratio (α = 
11.31°) with varying levels of the coefficient of static friction, and the fifth geometry case 
was a very squat block (α = 63.43°) with a relatively high value for the coefficient of 
static friction (μs = 0.5), see Table 4.34. The initiation criteria for the five cases are 
shown in Table 4.35.  
Table 4.34 Parameters for five additional geometry cases 
Geometry 
Case 
Width 
(m) 
Height 
(m) 
Rocking 
Radius, R 
(m) 
Critical 
Angle, α 
(degrees) 
𝝁𝝁𝒔𝒔 𝝁𝝁𝒌𝒌 
1 1 5 2.55 11.31 0.1 0.1 
2 1 5 2.55 11.31 0.3 0.2 
3 1 5 2.55 11.31 0.4 0.3 
4 1 5 2.55 11.31 0.5 0.4 
5 1 0.5 0.56 63.43 0.5 0.4 
 
Table 4.35 Initiation criteria for five additional geometry cases 
Geometry Case Ground Acceleration Initiation Criteria Rocking (m/s²) Sliding (m/s²) 
1 1.96 0.98 
2 1.96 2.94 
3 1.96 3.92 
4 1.96 4.91 
5 19.62 4.91 
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Cases 1 and 5 are completely dominated by sliding and do not experience any 
rocking behavior. As the coefficient of static friction increases for geometry cases 1 
through 4, the response becomes increasingly dominated by rocking. The dominant 
response modes of the five new geometry cases can be seen when the absolute maximum 
translational and absolute maximum rotational displacement demands are plotted against 
one another, see Figure 4.22 and Figure 4.23. As expected, cases 1 and 5 experienced no 
rotational displacement and were dominated by a pure sliding response. The block from 
case 1 experienced much more translational displacement than the block from case 5, 
which is due to the difference in the friction coefficients between the two geometries. 
Cases 2, 3, and 4 underwent both rocking and sliding displacements, as indicated by the 
scatter in Figure 4.23. For the slide-rocking cases, the data points get closer and closer to 
the y-axis (pure rocking) as the coefficient of static friction increases.  
 
  
(a) (b) 
Figure 4.22 Translational displacement vs. rotational displacement for (a) Case 1. 
(b) Case 5. Data points along the x-axis represent pure sliding; data points along the 
y-axis represent pure rocking. Data points along the top of (a) are reflective of 
overturning cases, when θ exceeds π/4. 
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Figure 4.23 Translational displacement vs. rotational displacement for cases 2, 3 and 
4. Data points along the x-axis represent pure sliding; data points along the y-axis 
represent pure rocking; Data points between the axes are some level of slide-
rocking. Data points along the top of (a) are reflective of overturning, when θ 
exceeds π/4. 
  
The same Receiver Operator Characteristic (ROC) analysis that was applied to the 
original six geometries was also carried out for the five new geometries to further assess 
the proficiency and robustness of the vector IMs by holding geometry constant and 
varying the coefficient of friction. After analyzing the areas under the curve (AUCs) 
produced through the ROC method, it was found seven vector IM pairs had mean AUCs 
above 0.7 in all of the five geometry cases for both sliding and rocking demands. These 
seven vector IMs were also found to be proficient in the previous ROC analysis on the 
broader set of geometric and friction parameters: ASI for 1 to 1.5 seconds and CAV, 
CAV and SI for 1 to 1.5 seconds, CAV and SI for 1 to 2.5 seconds, CAV and SI for 0.1 to 
3 seconds, CAV and SI for 0.1 to 2.5 seconds, PHA and SI for 0.1 to 2.5 seconds, and 
PHV and SI for 0.1 to 2.5 seconds. The AUC values for the seven vector IMs are shown 
in Table 4.36 through Table 4.38 for the rocking demands and Table 4.39 through Table 
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4.43 for the sliding demands. From the numerical values above, the AUC values for the 
rocking demands are very similar across the different geometry cases but show more 
variation over the sliding demands. 
 
Table 4.36 AUC values for top four vector IM pairs for geometry case 2 rocking 
demands. 
Threshold 
ASI (1-
1.5 s) & 
CAV 
CAV & 
SI (1-
1.5 s) 
CAV & 
SI (1-
2.5 s) 
CAV & 
SI (0.1-
3 s) 
CAV 
& SI 
(0.1-
2.5 s) 
PHA & 
SI (0.1-
2.5 s) 
PHV & 
SI (0.1-
2.5 s) 
10% 0.791 0.774 0.758 0.742 0.788 0.733 0.781 
20% 0.886 0.878 0.804 0.820 0.873 0.788 0.874 
30% 0.942 0.934 0.843 0.865 0.930 0.835 0.924 
40% 0.957 0.948 0.852 0.883 0.935 0.881 0.938 
50% 0.957 0.955 0.863 0.907 0.938 0.905 0.949 
60% 0.947 0.945 0.880 0.918 0.946 0.917 0.941 
70% 0.927 0.930 0.888 0.919 0.930 0.931 0.940 
80% 0.905 0.922 0.874 0.927 0.921 0.933 0.923 
90% 0.886 0.919 0.891 0.935 0.918 0.926 0.922 
Overturning 0.898 0.893 0.923 0.912 0.898 0.872 0.906 
 
Table 4.37 AUC values for top four vector IM pairs for geometry case 3 rocking 
demands. 
Threshold 
ASI (1-
1.5 s) 
& 
CAV 
CAV & 
SI (1-
1.5 s) 
CAV & 
SI (1-
2.5 s) 
CAV & 
SI (0.1-
3 s) 
CAV 
& SI 
(0.1-
2.5 s) 
PHA & 
SI (0.1-
2.5 s) 
PHV & 
SI (0.1-
2.5 s) 
10% 0.786 0.784 0.762 0.747 0.780 0.737 0.772 
20% 0.895 0.881 0.801 0.820 0.882 0.786 0.874 
30% 0.940 0.931 0.841 0.873 0.919 0.831 0.924 
40% 0.959 0.949 0.853 0.890 0.936 0.876 0.932 
50% 0.957 0.951 0.867 0.900 0.945 0.908 0.947 
60% 0.945 0.946 0.886 0.915 0.941 0.923 0.946 
70% 0.924 0.930 0.881 0.924 0.933 0.938 0.934 
80% 0.903 0.926 0.878 0.925 0.920 0.934 0.925 
90% 0.901 0.925 0.886 0.937 0.924 0.931 0.927 
Overturning 0.892 0.891 0.922 0.900 0.897 0.896 0.915 
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Table 4.38 AUC values for top four vector IM pairs for geometry case 4 rocking 
demands. 
Threshold 
ASI (1-
1.5 s) 
& 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV 
& SI 
(0.1-3 
s) 
CAV 
& SI 
(0.1-2.5 
s) 
PHA & 
SI (0.1-
2.5 s) 
PHV & 
SI (0.1-
2.5 s) 
10% 0.785 0.781 0.776 0.738 0.780 0.737 0.772 
20% 0.885 0.881 0.800 0.821 0.882 0.786 0.874 
30% 0.944 0.930 0.850 0.872 0.919 0.831 0.924 
40% 0.959 0.950 0.854 0.888 0.936 0.876 0.932 
50% 0.957 0.956 0.866 0.899 0.945 0.908 0.947 
60% 0.946 0.945 0.875 0.924 0.941 0.923 0.946 
70% 0.922 0.936 0.888 0.924 0.933 0.938 0.934 
80% 0.902 0.922 0.874 0.922 0.920 0.934 0.925 
90% 0.895 0.922 0.885 0.935 0.924 0.931 0.927 
Overturning 0.893 0.894 0.922 0.910 0.899 0.897 0.907 
 
Table 4.39 AUC values for top four vector IM pairs for geometry case 1 sliding 
demands. 
Threshold 
ASI 
(1-1.5 
s) & 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV & 
SI (0.1-
3 s) 
CAV & 
SI (0.1-
2.5 s) 
PHA & 
SI (0.1-
2.5 s) 
PHV & 
SI (0.1-
2.5 s) 
20% 0.937 0.939 0.961 0.944 0.953 0.868 0.944 
25% 0.942 0.940 0.963 0.948 0.950 0.849 0.943 
30% 0.941 0.940 0.962 0.944 0.949 0.841 0.947 
35% 0.945 0.941 0.960 0.948 0.949 0.822 0.946 
40% 0.942 0.941 0.961 0.948 0.949 0.821 0.946 
45% 0.949 0.946 0.962 0.950 0.955 0.813 0.950 
50% 0.944 0.940 0.960 0.950 0.952 0.811 0.947 
55% 0.944 0.937 0.961 0.948 0.950 0.794 0.947 
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Table 4.40 AUC values for top four vector IM pairs for geometry case 2 sliding 
demands. 
Threshold 
ASI (1-
1.5 s) & 
CAV 
CAV & 
SI (1-1.5 
s) 
CAV & 
SI (1-
2.5 s) 
CAV 
& SI 
(0.1-3 
s) 
CAV 
& SI 
(0.1-2.5 
s) 
PHA & 
SI (0.1-
2.5 s) 
PHV & 
SI (0.1-
2.5 s) 
20% 0.766 0.746 0.636 0.685 0.756 0.722 0.774 
25% 0.798 0.759 0.675 0.711 0.781 0.736 0.788 
30% 0.812 0.767 0.686 0.743 0.795 0.747 0.793 
35% 0.807 0.774 0.722 0.759 0.797 0.763 0.789 
40% 0.812 0.774 0.751 0.777 0.801 0.770 0.776 
45% 0.787 0.755 0.751 0.763 0.787 0.778 0.741 
50% 0.797 0.763 0.774 0.774 0.788 0.786 0.732 
55% 0.791 0.765 0.773 0.776 0.797 0.787 0.731 
 
Table 4.41 AUC values for top four vector IM pairs for geometry case 3 sliding 
demands. 
Threshold 
ASI (1-
1.5 s) & 
CAV 
CAV & 
SI (1-
1.5 s) 
CAV 
& SI 
(1-2.5 
s) 
CAV 
& SI 
(0.1-3 
s) 
CAV & 
SI (0.1-
2.5 s) 
PHA & 
SI (0.1-
2.5 s) 
PHV & 
SI (0.1-
2.5 s) 
20% 0.803 0.769 0.701 0.723 0.758 0.700 0.774 
25% 0.813 0.783 0.751 0.765 0.773 0.729 0.771 
30% 0.829 0.796 0.775 0.781 0.815 0.767 0.772 
35% 0.818 0.772 0.787 0.783 0.811 0.757 0.754 
40% 0.809 0.793 0.784 0.789 0.808 0.751 0.740 
45% 0.809 0.791 0.799 0.794 0.804 0.749 0.722 
50% 0.801 0.778 0.793 0.795 0.814 0.746 0.711 
55% 0.805 0.786 0.800 0.799 0.813 0.764 0.697 
 
 
 
 
 
 
112 
Table 4.42 AUC values for top four vector IM pairs for geometry case 4 sliding 
demands. 
Threshold 
ASI (1-
1.5 s) 
& 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV & 
SI (0.1-
3 s) 
CAV & 
SI (0.1-
2.5 s) 
PHA & 
SI (0.1-
2.5 s) 
PHV & 
SI (0.1-
2.5 s) 
20% 0.801 0.806 0.768 0.791 0.786 0.777 0.809 
25% 0.817 0.828 0.800 0.784 0.799 0.778 0.820 
30% 0.812 0.810 0.792 0.799 0.803 0.769 0.822 
35% 0.800 0.810 0.792 0.791 0.796 0.764 0.817 
40% 0.817 0.833 0.788 0.796 0.814 0.777 0.825 
45% 0.823 0.828 0.803 0.801 0.818 0.765 0.822 
50% 0.797 0.819 0.793 0.788 0.813 0.755 0.812 
55% 0.816 0.835 0.802 0.810 0.822 0.762 0.793 
 
Table 4.43 AUC values for top four vector IM pairs for geometry case 5 sliding 
demands. 
Threshold 
ASI 
(1-1.5 
s) & 
CAV 
CAV 
& SI 
(1-1.5 
s) 
CAV 
& SI 
(1-2.5 
s) 
CAV & 
SI (0.1-
3 s) 
CAV & 
SI (0.1-
2.5 s) 
PHA & 
SI (0.1-
2.5 s) 
PHV & SI 
(0.1-2.5 s) 
20% 0.949 0.970 0.940 0.941 0.959 0.937 0.974 
25% 0.933 0.968 0.943 0.921 0.953 0.926 0.971 
30% 0.902 0.967 0.950 0.903 0.942 0.927 0.978 
35% 0.877 0.970 0.951 0.894 0.926 0.921 0.974 
40% 0.861 0.971 0.952 0.877 0.909 0.918 0.967 
45% 0.833 0.969 0.941 0.848 0.878 0.908 0.968 
50% 0.813 0.968 0.936 0.841 0.865 0.900 0.966 
55% 0.802 0.971 0.932 0.826 0.853 0.894 0.966 
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The AUC values versus the displacement thresholds for rocking demands were 
plotted to represent the robustness of the vector IMs (see Figure 4.24). The distribution of 
AUCs for cases 2 (𝜇𝜇𝑠𝑠 = 0.3), 3(𝜇𝜇𝑠𝑠 = 0.4), and 4 (𝜇𝜇𝑠𝑠 = 0.5) are almost identical. 
However, none of the vector IMs has great consistency across the nine rotational 
displacement thresholds. This increasing trend for increasing displacement thresholds 
was seen previously for the rocking demands associated with the original six geometries. 
It was suggested that the discrepancy in AUC values between lower and higher rotational 
thresholds could be caused by the initiation of rocking, which is deterministic with 
respect to PHA, and the observation that overturning is an upper bound which may 
reduce variability. For clarity, the slope of the linear regression line as well as the 
standard deviation of the AUCs with respect to the rocking thresholds are shown in Table 
4.44. ASI for 1 to 1.5 seconds and CAV has the most horizontal slope, but CAV and SI 
for 1 to 2.5 seconds has the least amount of dispersion. However, all of the vector IMs 
have very low standard deviations, suggesting that varying the coefficient of static 
friction had little to no impact on the robustness of the vector IMs for rocking demands.  
In Figure 4.25, there is little variation between AUC values for the three different 
static friction coefficients, 𝜇𝜇𝑠𝑠 = 0.3, 0.4, and 0.5. Additional plots were made that reflect 
the AUC values for rocking demands versus the ground acceleration required to initiate 
sliding over the ground acceleration required to initiate rocking, from Table 4.35. The 
initiation criteria for rocking depends on the acceleration due to gravity and the critical 
angle, α. Cases 1 through 4 have the same geometry, and therefore the same initiation 
criteria for rocking, but the sliding initiation value is changing due to the increasing 
coefficient of static friction. The plots in Figure 4.26 demonstrate that although the 
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initiation criteria for sliding is increasing, the geometry cases are becoming more rocking 
dominant, thus, there is minimal variation in the resulting AUCs. This finding further 
supports the claim that the coefficient of static friction has very little impact on the 
consistency of the AUC values for the proposed vector IMs, in terms of rocking demands.  
 
Table 4.44 Vector IM AUC trend line data for all rocking demands. 
Vector IMs Slope of Regression Line Standard Deviation of AUC ASI1 to 1.5 s CAV 7.05E-04 0.051 
CAV SI1 to 1.5 s 1.16E-03 0.052 
CAV SI1 to 2.5 s 1.37E-03 0.041 
CAV SI0.1 to 3 s 2.04E-03 0.060 
CAV SI0.1 to 2.5 s 1.15E-03 0.049 
PHA SI0.1 to 2.5 s 2.43E-03 0.070 
PHV SI0.1 to 2.5 s 1.26E-03 0.051 
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Figure 4.24 AUC values for rocking demands vs. damage thresholds. 
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Figure 4.25 AUC values for rocking demands vs. coefficients of static friction. 
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Figure 4.26 AUC values for rocking demands vs. ratio of sliding ground acceleration 
initiation criteria to rocking ground acceleration initiation criteria. 
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To evaluate the robustness of the four IMs with respect to sliding demands, plots 
with AUC versus translational displacement were generated, see Figure 4.27. Although 
the AUCs are consistent in the individual geometry cases, there is a large difference 
between the data points for case 1 (𝜇𝜇𝑠𝑠 = 0.1) and case 3 (𝜇𝜇𝑠𝑠 = 0.4), for example. This 
can be largely attributed to the varying degrees of sliding and rocking occurring in the 
different geometry cases. For instance, the pure sliding geometry cases (cases 1, 𝜇𝜇𝑠𝑠 = 0.1 
and 5, 𝜇𝜇𝑠𝑠 = 0.5) had the highest AUC values out of all the cases and showed similar 
values despite have different geometries and coefficients of friction, which led to 
significantly different sliding demands. The high AUC values for both cases indicate that 
the occurrence of rocking in the other cases is a likely cause of reduced AUC values or 
reduced predictability. Despite the consistently high values, case 5 (squat geometry, high 
friction) actually evidenced a decrease in the AUC values as the damage threshold 
increases, which is most noticeable in the plot for CAV and SI for 0.1 to 3 seconds. This 
is likely due to the high friction of case 5 (𝜇𝜇𝑠𝑠 = 0.5), which resulted in smaller 
magnitudes of response and less data points passing the higher thresholds. Table 4.45 
lists the slope of the linear regression lines and the standard deviation of the AUCs for the 
plots in Figure 4.27. The standard deviations for the sliding data are much larger than the 
standard deviations for the rocking data, which make sense since there the individual 
cases had mean AUC values that were markedly different from one another. However, it 
can be observed that ASI for 1 to 1.5 seconds and CAV has the lowest amount of 
dispersion in the AUC values, while CAV and SI for 0.1 to 2.5 seconds has the most 
horizontal slope.  
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Plots showing the relationship between AUC values for sliding demands and the 
corresponding coefficients of static friction are shown in Figure 4.28. There is much 
more variation among the AUC values for the various structural cases in terms of sliding 
demands, compared to the previous graphs for rocking demands. It follows that, as the 
coefficient of static friction increases, the AUC values tend to decrease. However, Figure 
4.29 depicts graphs of AUC values for sliding demands plotted against the ratio of the 
initiation criteria required for sliding and the initiation criteria for rocking, from Table 
4.35. As the structural cases become more rocking dominant, the AUC values decrease 
significantly. The ground acceleration required to initiate a sliding mode is dependent 
upon friction, so it makes sense that the AUCs for sliding demands vary significantly 
with different levels of static friction. 
 
Table 4.45 Vector IM AUC trend line data for all sliding demands. 
Vector IMs Slope of Regression Line Standard Deviation of AUC ASI1 to 1.5 s CAV -8.32E-04 0.061 
CAV SI1 to 1.5 s 2.24E-04 0.085 
CAV SI1 to 2.5 s 1.00E-03 0.101 
CAV SI0.1 to 3 s 2.91E-04 0.079 
CAV SI0.1 to 2.5 s -7.75E-05 0.071 
PHA SI0.1 to 2.5 s -1.07E-04 0.066 
PHV SI0.1 to 2.5 s -9.42E-04 0.096 
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Figure 4.27 AUC values for sliding demands vs. damage thresholds. 
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Figure 4.28 AUC values for sliding demands vs. coefficients of static friction. 
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Figure 4.29 AUC values for sliding demands vs. ratio of sliding ground acceleration 
initiation criteria to rocking ground acceleration initiation criteria. 
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Now, the sufficiency of the four vector IMs will be evaluated for the rocking and 
sliding demands of the five geometry cases. The p-values for the vector IMs are shown in 
Table 4.46 through Table 4.53. For the IM to be considered independent from both 
earthquake magnitude and rupture distance, the p-value must be greater than 0.05. The 
data from the sufficiency study show that almost all of the vector IMs were sufficient for 
all five geometries across three rupture distances. The results gained through this 
additional vector IM study show that the predictability of rocking demands, as evidenced 
by AUC values, are not significantly impacted by the coefficient of static friction. In fact, 
the vector IM pairs considered performed very similarly for all slide-rocking cases. 
However, the predictability of sliding demands for slide-rocking cases was noticeably 
lower than that for the pure sliding cases. In conclusion, for this study of alternative 
structural configurations, the top performing vector IMs remained the same as those 
determined from the ROC analysis of the broader study. 
 
Table 4.46 Vector IM sufficiency for case 2 rocking demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 1 Plane 1 ASI1 to 1.5 s CAV 0.687 0.151 0.611 
CAV SI1 to 1.5 s 0.683 0.145 0.615 
CAV SI1 to 2.5 s 0.690 0.115 0.518 
CAV SI0.1 to 3 s 0.707 0.101 0.612 
CAV SI0.1 to 2.5 s 0.794 0.130 0.626 
PHA SI0.1 to 2.5 s 0.582 0.508 0.120 
PHV SI0.1 to 2.5 s 0.814 0.099 0.645 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
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Table 4.47 Vector IM sufficiency for case 3 rocking demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 1 Plane 1 ASI1 to 1.5 s CAV 0.642 0.146 0.620 
CAV SI1 to 1.5 s 0.639 0.140 0.624 
CAV SI1 to 2.5 s 0.645 0.110 0.527 
CAV SI0.1 to 3 s 0.661 0.097 0.621 
CAV SI0.1 to 2.5 s 0.744 0.125 0.635 
PHA SI0.1 to 2.5 s 0.635 0.499 0.1222 
PHV SI0.1 to 2.5 s 0.766 0.095 0.654 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
 
Table 4.48 Vector IM sufficiency for case 4 rocking demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 1 Plane 1 ASI1 to 1.5 s CAV 0.643 0.147 0.671 
CAV SI1 to 1.5 s 0.640 0.141 0.676 
CAV SI1 to 2.5 s 0.647 0.111 0.590 
CAV SI0.1 to 3 s 0.663 0.097 0.679 
CAV SI0.1 to 2.5 s 0.748 0.126 0.685 
PHA SI0.1 to 2.5 s 0.635 0.499 0.143 
PHV SI0.1 to 2.5 s 0.767 0.095 0.696 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
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Table 4.49 Vector IM sufficiency for case 1 sliding demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 2 Plane 1 Plane 2 Plane 1 Plane 2 ASI1 to 1.5 s CAV 0.511 0.454 0.862 
CAV SI1 to 1.5 s 0.518 0.459 0.854 
CAV SI1 to 2.5 s 0.620 0.575 0.716 
CAV SI0.1 to 3 s 0.482 0.531 0.810 
CAV SI0.1 to 2.5 s 0.395 0.454 0.966 
PHA SI0.1 to 2.5 s 0.003 0.024 0.0002 0.503 0.080 0.087 
PHV SI0.1 to 2.5 s 0.291 0.957 0.824 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
 
Table 4.50 Vector IM sufficiency for case 2 sliding demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 1 Plane 1 ASI1 to 1.5 s CAV 0.267 0.433 0.272 
CAV SI1 to 1.5 s 0.273 0.427 0.267 
CAV SI1 to 2.5 s 0.295 0.365 0.248 
CAV SI0.1 to 3 s 0.193 0.373 0.233 
CAV SI0.1 to 2.5 s 0.140 0.435 0.239 
PHA SI0.1 to 2.5 s 0.341 0.176 0.537 
PHV SI0.1 to 2.5 s 0.193 0.795 0.154 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
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Table 4.51 Vector IM sufficiency for case 3 sliding demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 1 Plane 1 ASI1 to 1.5 s CAV 0.573 0.979 0.891 
CAV SI1 to 1.5 s 0.561 0.996 0.903 
CAV SI1 to 2.5 s 0.571 0.739 0.664 
CAV SI0.1 to 3 s 0.638 0.854 0.562 
CAV SI0.1 to 2.5 s 0.649 0.988 0.779 
PHA SI0.1 to 2.5 s 0.763 0.988 0.514 
PHV SI0.1 to 2.5 s 0.373 0.323 0.857 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
 
Table 4.52 Vector IM sufficiency for case 4 sliding demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 1 Plane 1 ASI1 to 1.5 s CAV 0.845 0.724 0.615 
CAV SI1 to 1.5 s 0.838 0.741 0.624 
CAV SI1 to 2.5 s 0.864 0.946 0.816 
CAV SI0.1 to 3 s 0.904 0.932 0.869 
CAV SI0.1 to 2.5 s 0.882 0.885 0.788 
PHA SI0.1 to 2.5 s 0.974 0.991 0.825 
PHV SI0.1 to 2.5 s 0.602 0.765 0.557 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
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Table 4.53 Vector IM sufficiency for case 5 sliding demands¹ ². 
Vector IMs 
P-value for 
𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 = 𝟓𝟓 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟎𝟎 𝒌𝒌𝒌𝒌 P-value for 𝑹𝑹𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 =𝟏𝟏𝟓𝟓 𝒌𝒌𝒌𝒌 
Plane 1 Plane 1 Plane 1 ASI1 to 1.5 s CAV 0.670 0.889 0.150 
CAV SI1 to 1.5 s 0.673 0.889 0.148 
CAV SI1 to 2.5 s 0.687 0.959 0.123 
CAV SI0.1 to 3 s 0.543 0.855 0.125 
CAV SI0.1 to 2.5 s 0.531 0.898 0.144 
PHA SI0.1 to 2.5 s 0.532 0.732 0.380 
PHV SI0.1 to 2.5 s 0.880 0.064 0.112 
¹ The p-values highlighted in red are insufficient 
² If the demand is planar with respect to the IM pair, then only one p-value is given 
  
4.4 Concluding Remarks on Final Vector Intensity Measure Selection 
 A scalar and vector intensity measure (IM) study was carried out to select an 
optimal IM for both rocking and sliding motions of freestanding structures, as modeled 
by a 2D rigid, rectangular block. The relationships produced in the scalar IM study were 
not very robust and showed low coefficients of correlation with both translational and 
rotational demand measures. To build upon the scalar IM analysis, a vector IM study was 
implemented, and the computability, proficiency, sufficiency, and robustness of 1081 
vector IMs was investigated.  
Computability was assessed by determining which pairs included intensity 
measures for which a hazard curve could be readily constructed. For proficiency, a 
Receiver Operator Characteristic (ROC) analysis was conducted to determine which pairs 
of IMs were best correlated and had the least dispersion with the displacement demands 
of six block geometries for sliding and rocking. The top nine vector IMs were selected by 
analyzing the area under the curve, AUC, values calculated from the ROC graphs, which 
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is a measure of how well the vector IMs predict the rocking and sliding demands. These 
analyses were conducted considering several displacement thresholds to examine how 
well a particular vector IM performed at varying levels of damage. A robustness 
parameter was introduced to quantify how consistent the vector IMs were across different 
displacement thresholds, as well as varying coefficients of static friction, by plotting 
AUC values versus displacement thresholds. The slope of the resulting trendline and 
standard deviation of the AUC values were calculated for each vector IM and geometry 
case, and if both parameters were small, the vector IM was said to be robust. Then, the 
sufficiency of the vector IMs was evaluated to determine their independence from 
earthquake characteristics. This was done by examining the p-value resulting from a 
linear regression between the vector IM and its corresponding earthquake magnitude and 
rupture distance. If the p-value was below 0.05, the vector IM is insufficient, meaning it 
is not independent from earthquake magnitude and rupture distance, whereas if the p-
value was above 0.05, the vector IM is sufficient. An additional ROC analysis was 
conducted on a separate set of structures to further understand the influence of the 
coefficient of static friction on a vector IM’s proficiency.  
The results from the vector IM study showed that the best-performing vector IMs 
are ASI for 1 to 1.5 seconds and CAV, CAV and SI for 1 to 1.5 seconds, CAV and SI for 
1 to 2.5 seconds, CAV and SI for 0.1 to 3 seconds, CAV and SI for 0.1 to 2.5 seconds, 
PHA and ASI for 2 to 2.5 seconds, PHA and SI for 2 to 2.5 seconds, PHA and SI for 0.1 
to 2.5 seconds, and PHV and SI for 0.1 to 2.5 seconds. Table 4.54 shows a summary of 
the performance of the top vector IMs investigated in this study in terms of proficiency, 
robustness, and sufficiency. The numbers in the table below represent the mean value of 
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proficiency (AUC), robustness (standard deviation), and sufficiency (p-value) for all six 
geometry cases, displacement thresholds, and rupture distances. CAV and SI for 1 to 1.5 
seconds was the most proficient vector IM, for both rocking and sliding demands. This is 
followed by CAV and SI for 0.1 to 2.5 seconds as the second most proficient vector IM. 
In terms of robustness, PHA and SI for 0.1 to 2.5 seconds and CAV for 1 to 2.5 seconds 
were the most robust vector IMs for sliding and rocking demands, respectively. All nine 
vector IMs were considered sufficient. Therefore, the optimal vector IM in terms of 
proficiency, robustness, and sufficiency is CAV and SI for 1 to 1.5 seconds. However, SI 
for 1 to 1.5 seconds does not have high computability. Rather, the period range specified 
for SI is 0.1 to 2.5 seconds, which is described by a select number of ground motion 
prediction equations and empirical correlations (e.g., Bradley, 2012a). Considering the 
more computable period range for SI, CAV and SI for 0.1 to 2.5 seconds is observed to 
demonstrate adequate proficiency and robustness for both rocking and sliding demands 
and is completely sufficient. These qualities, combined with its superior computability, 
make CAV and SI for 0.1 to 2.5 seconds the ideal vector IM for predicting the dynamic 
response of a freestanding structure for PSHA applications.  
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Table 4.54 Summary of vector IM characteristics¹. 
Vector IMs 
Proficiency: 
AUC 
Robustness:      
St. Dev. of 
AUC 
Sufficiency:  
P-value Computability 
Slide Rock Slide Rock Slide Rock IM1 IM2 
CAV 𝐴𝐴𝐴𝐴𝐼𝐼1−1.5𝑠𝑠 0.860 0.892 0.064 0.069 0.490 0.357 Low Moderate 
CAV 𝐴𝐴𝐼𝐼1−1.5𝑠𝑠 0.864 0.914 0.062 0.056 0.488 0.355 Moderate Low 
CAV 𝐴𝐴𝐼𝐼1−2.5𝑠𝑠 0.843 0.858 0.095 0.050 0.495 0.341 Moderate Low 
CAV 𝐴𝐴𝐼𝐼0.1−3𝑠𝑠 0.840 0.859 0.080 0.063 0.504 0.338 Moderate Low 
CAV 𝐴𝐴𝐼𝐼0.1−2.5𝑠𝑠 0.859 0.909 0.064 0.059 0.510 0.359 Moderate Moderate 
PHA 𝐴𝐴𝐴𝐴𝐼𝐼2−2.5𝑠𝑠 0.820 0.815 0.073 0.102 0.448 0.417 Strong Low 
PHA 𝐴𝐴𝐼𝐼2−2.5𝑠𝑠 0.834 0.820 0.079 0.077 0.447 0.416 Strong Low 
PHA 𝐴𝐴𝐼𝐼0.1−2.5𝑠𝑠 0.835 0.867 0.050 0.081 0.428 0.422 Strong Moderate 
PHV 𝐴𝐴𝐼𝐼0.1−2.5𝑠𝑠 0.849 0.885 0.071 0.082 0.588 0.345 Strong Moderate 
¹ Values in red correspond to the best-performing vector IM in that category. Values in 
blue correspond to second best-performing. No values identified for sufficiency, since 
all vector IMs are sufficient (p > 0.05). 
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CHAPTER 5 – CASE STUDY ANALYSIS OF 
PRECARIOUSLY BALANCED ROCK 
As introduced in previous chapters, precariously balanced rocks are an important 
freestanding structure due to their applications in placing physical constraints on rare 
seismic hazard. Knowledge of rare seismic hazard is necessary for more efficient and 
resilient structural designs, especially for critical facilities such as nuclear power plants 
and nuclear waste repositories. Chapter 4 of this thesis concluded that Cumulative 
Absolute Velocity (CAV) and Response Spectrum Intensity (SI) is the most proficient, 
sufficient, and robust vector intensity measure (IM) for predicting the dynamic response 
of a freestanding structure. This chapter aims to demonstrate the applicability of the 
identified IMs in the analysis of a representative precariously balanced rock and 
comparison with the corresponding current seismic hazard estimates.  
5.1 Description of Selected Precariously Balanced Rock 
The precariously balanced rock (PBR) data was gathered in Elephant Rocks State 
Park, MO, on March 23, 2017, as part of a larger field survey by researchers at the 
University of Nebraska-Lincoln. This site was selected based upon its proximity to the 
New Madrid Seismic Zone (NMSZ), which has historically produced large earthquakes 
and has some of the largest seismic hazard in the United States. A single PBR was 
selected from the cluster of rocks for this case study, as shown in Figure 5.1. The original 
granite formation that eroded to form the PBRs in the state park is said to be about 1.3 
billion years old (Anderson Jr et al., 1969). However, for a PBR to be used as a constraint 
on seismic hazard, it is necessary to know how long the PBR has been in a fragile, 
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exhumed state after being subjected to millions of years of weathering and erosion. In 
other words, it is necessary to know how long the PBR has been freestanding. While the 
exhumation age of a PBR can be approximated by cosmogenic nuclide dating, rock 
varnish analysis, and other methods, these detailed geological evaluations have not yet 
been conducted for the rocks at this site. However, various other granitic PBRs have been 
dated to be within 10,000 – 40,000 years old (Bell et al., 1998). Therefore, this range of 
possible ages is utilized in this case study. However, it is emphasized that a detailed 
dating study should be conducted at this site prior to any conclusions regarding the 
seismic hazard.  
The NMSZ is located in parts of southeastern Missouri, southern Illinois, western 
Kentucky, western Tennessee, and northeastern Arkansas, and has historically generated 
large, intraplate earthquakes. In the early 1800s, the NMSZ experienced three high-
intensity earthquakes, which is thought to be some of the largest intraplate earthquakes to 
have occurred on Earth (Tuttle et al., 2002). Researchers have suggested that the high-
intensity events that occurred in the early 1800s from the NMSZ had moment magnitudes 
ranging between 7 and 8.3 (Kelson et al., 1996; Kenner and Segall, 2000; Tuttle et al., 
2002). It has also been reported that prehistoric earthquakes of similar magnitudes have 
been produced by the NMSZ, such as those reported via paleoseismic trenching studies 
(Kelson et al., 1996; Tuttle et al., 2002). The relatively high current estimates of seismic 
hazard in the NMSZ and the relatively low number of recorded events in the region has 
made the NMSZ a prime target for increased attention and potential PBR analysis.  The 
current seismic hazard map for the United States in terms of peak ground acceleration for 
2% in 50 years, as produced by the USGS, is shown in Figure 5.2, and depicts the 
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location of the NMSZ in relation to Elephant Rocks State Park. Still, not much is known 
about the seismic hazard for the NMSZ, which creates the need for a methodology that 
can accurately predict the rare seismic hazard in the region. 
 
  
(a) (b) 
Figure 5.1 Photo of Elephant Rocks PBR. 
 
 
Figure 5.2 USGS seismic hazard map for PGA, 2% in 50 years (USGS, 2014). 
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5.2 Geometric Data Collection 
During the field survey, a DJI Inspire 2 UAV was used to collect aerial 
photographs of a cluster of granite precariously balanced rocks in Elephant Rocks State 
Park. The photos were input into Agisoft Metashape to generate high density point clouds 
of the rock cluster that were then processed in CloudCompare, see Figure 5.3 (Agisoft, 
2019; CloudCompare, 2019). Since the SfM data is inherently unitless, a low-resolution 
aerial lidar point cloud of Elephant Rocks State Park was used to scale the SfM data to 
units of meters, as made available by the United States Geological Survey (USGS, 2019). 
This way, accurate geometric information could be gathered from the point cloud data for 
use in a fragility analysis. After scaling and performing a fine registration between the 
Lidar and SfM point clouds, a single PBR was extracted from the dataset, see Figure 5.4. 
The PBR’s point cloud does not have any points along its base due to the line-of-sight 
techniques used by Lidar and SfM for data collection. To resolve this, the footprint 
coordinates of the PBR were extracted manually in CloudCompare then imported into a 
MATLAB code that fills in the footprint of the PBR with data points (Wittich et al., 
2018). The footprint points were visually selected by identifying key points along the 
intersection of the PBR and the ground. The MATLAB code takes the coordinates of the 
perimeter points and linearly interpolates between them to generate equally spaced data 
points that approximate the base of the PBR at the same density as the remainder of the 
point cloud. Figure 5.5 displays the completed point cloud for PBR-04, with the 
generated footprint shown in white.  
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Figure 5.3 Dense, reconstructed point cloud of Elephant Rocks State Park, MO. 
 
  
(a) (b) 
Figure 5.4 (a) Scaled point cloud of Elephant Rocks PBR. (b) Photo of Elephant 
Rocks PBR. 
 
 
Figure 5.5 PBR-04 point cloud with generated footprint. 
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The enclosed point cloud for PBR-04 was exported into MeshLab in order to 
compute the center of gravity of the PBR (MeshLab, 2019). MeshLab computes the 
center of gravity of a point cloud by analyzing the distribution of data points within the 
cloud. Once the coordinates of the center of gravity were determined, the rocking radius, 
R, and critical angle, α, were computed via trigonometry. Values of R and α were 
calculated at each of the perimeter points for PBR-04, see Table 5.1. Upon review of 
these parameters, the most fragile plane of the rock is selected for study, which 
corresponds to R = 1.20 meters and α = 15.65°. While it is apparent that the PBR is a 
complex, three-dimensional freestanding structure, it is simplified to a two-dimensional 
block for purposes of this analysis. As discussed in Chapter 2 of this thesis, three-
dimensional methods exist for freestanding structures, however the response is very 
sensitive to the input parameters and these parameters have yet to be robustly constrained 
via experimentation. Moreover, a recent study has shown that freestanding historic 
statues, when modeled in three-dimensions, tend to fail along the most slender geometric 
plane when subjected to an earthquake excitation (Saifullah and Wittich, 2019). 
Therefore, the PBR is modeled as a two-dimensional block with R = 1.20 meters and α = 
15.65°, which is indicative of a very slender structure. However, it is reiterated that a full 
three-dimensional analysis and experimentation is recommended prior to any conclusions 
regarding seismic hazard at this site.  
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Table 5.1 Geometry information for PBR-04 at each perimeter point. 
Perimeter Point # Rocking Radius, R (m) Critical Angle, α (degrees) 
1 1.26 39.79 
2 1.23 37.56 
3 1.19 33.83 
4 1.17 31.14 
5 1.15 28.02 
6 1.12 24.83 
7 1.13 22.99 
8 1.13 20.08 
9 1.12 17.81 
10 1.10 16.72 
11 1.11 15.66 
12 1.13 15.65 
13 1.12 15.69 
14 1.15 16.65 
15 1.14 17.74 
16 1.16 19.46 
17 1.17 20.44 
18 1.18 21.50 
19 1.18 22.46 
20 1.18 23.03 
21 1.20 24.42 
22 1.19 23.86 
23 1.18 23.76 
24 1.16 23.83 
25 1.17 23.62 
26 1.16 23.43 
27 1.16 23.62 
28 1.16 24.25 
29 1.17 25.43 
30 1.17 26.30 
31 1.16 28.26 
32 1.15 27.40 
33 1.13 27.47 
34 1.13 27.96 
35 1.12 29.16 
36 1.13 30.85 
37 1.13 32.68 
38 1.14 34.23 
39 1.16 36.08 
40 1.17 37.54 
41 1.18 39.79 
42 1.21 41.07 
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43 1.22 42.17 
44 1.23 42.31 
45 1.23 42.20 
46 1.24 42.82 
47 1.25 43.02 
48 1.27 43.52 
49 1.28 44.24 
50 1.30 44.44 
51 1.31 44.42 
52 1.31 44.33 
53 1.31 44.06 
54 1.32 43.62 
55 1.32 43.78 
56 1.33 43.59 
57 1.33 43.79 
58 1.34 43.96 
59 1.34 44.58 
60 1.31 41.66 
61 1.26 39.79 
 
5.3 Fragility Analysis 
Fragility curves are a powerful tool used to graphically represent the conditional 
probability of failure of a structure subjected to some unknown input. In the case of 
seismic excitation, the vertical axis represents the probability of failure and the horizontal 
axis, or axes in the case of a fragility surface, is a measure of the ground motion intensity. 
These plots are essential in performing seismic risk assessments of structural systems and 
are generated by either empirical or analytical methods (Porter et al., 2007). For this 
analysis, the fragilities will be determined via analytical methods and will describe the 
probability of the selected PBR’s overturning as a function of Cumulative Absolute 
Velocity (CAV) and Response Spectrum Intensity (SI), which was identified in Chapter 4 
as having a strong probabilistic relationship with the dynamic behavior of freestanding 
structures. The maximum likelihood estimate (MLE) approach will be used to generate 
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fragility surfaces for this PBR. This method is a common approach to fragility analysis 
(e.g., Gehl et al. 2013 and Dimitrakopoulos and Paraskeva 2015), which determines the 
parameters of the fragility surfaces that correspond to the highest likelihood of producing 
the observed data.   
5.3.1 Analytical Overturning Response Data 
First, an idealized two-dimensional block representative of the critical geometry 
of the selected precariously balanced rock (PBR) was input into the Freestanding2D 
program (refer to Chapter 3) and subjected to 2719 synthetic earthquake pulses (refer to 
Chapter 4). The geometric parameters utilized are listed in Table 5.2. Three different 
coefficients of static friction were selected to model the friction between the granite PBR 
and its granite pedestal, per the friction coefficients calculated by Scholz et al. (1972). 
The ground accelerations required to initiate sliding or rocking for each motion case are 
listed in Table 5.3. Due to the slender nature of the block, all the motion cases are 
dominated by rocking behavior. Figure 5.6 shows the response distribution for each 
coefficient of static friction. The three geometry cases are either rocking or slide-rocking, 
which is expected given the high levels of friction. Data points for cases 1 and 2 are 
overlapped on the scatter plot, indicating similar behavior. Case 3 is more inclined 
towards the vertical axis, indicative of a more rocking-prone response. The maximum 
absolute value rotational displacements were extracted from the response data and used in 
a maximum likelihood method approach along with corresponding ground motion 
intensity meausres, CAV and SI for 0.1 to 2.5 seconds, to determine the probability of 
overturning due to rocking and slide-rocking responses. 
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Table 5.2 Parameters for 3 geometry cases. 
Motion Case Width (m) 
Height 
(m) 
Rocking 
Radius, R 
(m) 
Critical 
Angle, α 
(degrees) 
𝝁𝝁𝒔𝒔 𝝁𝝁𝒌𝒌 
1 0.65 2.32 1.20 15.65 0.55 0.45 
2 0.65 2.32 1.20 15.65 0.65 0.55 
3 0.65 2.32 1.20 15.65 0.75 0.65 
 
Table 5.3 Initiation criteria for 3 geometry cases. 
Motion Case Ground Acceleration Initiation Criteria Rocking (m/s²) Sliding (m/s²) 
1 2.75 5.40 
2 2.75 6.38 
3 2.75 7.36 
 
 
Figure 5.6 Translational displacement vs. rotational displacement for cases 1, 2 and 
3. Data points along the x-axis represent pure sliding; data points along the y-axis 
represent pure rocking; Data points between the axes are some level of slide-
rocking. Data points along the top of (a) are reflective of overturning, when θ 
exceeds π/4. 
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5.3.2 Probability of Overturning 
The maximum likelihood estimate (MLE) approach begins with performing a 
nonlinear regression on the natural log of the maximum absolute value rotational 
displacements of the freestanding structure, with respect to the two IMs (e.g., Gehl et al., 
2013), which are CAV and SI for freestanding structures. Again, the general form of the 
logarithmic regression relationship is: ln (𝐷𝐷𝑚𝑚) = 𝛼𝛼1𝛼𝛼1 + 𝛼𝛼2 ln(𝐼𝐼𝐼𝐼1) + 𝛼𝛼2𝛼𝛼1 + 𝛼𝛼2 ln(𝐼𝐼𝐼𝐼2) + 𝑏𝑏 (5.1)  
where 𝐷𝐷𝑚𝑚 is the measure of structural demand for the block under an earthquake 
excitation and 𝛼𝛼1,𝛼𝛼2,  and b are the regression coefficients. Recall that a third regression 
term was added to reflect the general equation of a plane, due to the planar behavior of 
the response data being regressed. The data is linearly combined using Equation (5.2) to 
form 𝑋𝑋𝑖𝑖, a hybrid intensity measure (IM), which is assumed to follow a lognormal 
distribution. ln(𝑋𝑋𝑖𝑖) = 𝛼𝛼1𝛼𝛼1 + 𝛼𝛼2 ln�𝐼𝐼𝐼𝐼1,𝑖𝑖� + 𝛼𝛼2𝛼𝛼1 + 𝛼𝛼2 ln�𝐼𝐼𝐼𝐼2,𝑖𝑖� (5.2)  
Thus, the probability of overturning given 𝑋𝑋𝑖𝑖 is calculated as follows: 
𝑃𝑃(𝑑𝑑𝑊𝑊𝑚𝑚𝑊𝑊𝑔𝑔𝑉𝑉 ≥ 𝐷𝐷𝑚𝑚|𝑋𝑋𝑖𝑖) = Φ�ln(𝑋𝑋𝑖𝑖) − 𝜇𝜇𝜎𝜎 � = 12 �1 + erf�ln(𝑋𝑋𝑖𝑖) − 𝜇𝜇𝜎𝜎√2 �� (5.3)  
where Φ is the cumulative distribution function, erf is the error function, and the mean 
and standard deviation of the natural logarithm of the hybrid IM are represented by μ and 
σ, respectively. Once the probability of overturning has been calculated, additional 
coefficients (see Equations (5.4) – (5.6)) can be evaluated to relate the overturning 
probability to CAV and SI, see Equation (5.7). 
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𝛽𝛽1 = 𝛼𝛼1(𝛼𝛼1 + 𝛼𝛼2)𝜎𝜎√2 (5.4)  
  
𝛽𝛽2 = 𝛼𝛼2(𝛼𝛼1 + 𝛼𝛼2)𝜎𝜎√2 (5.5)  
  
𝛽𝛽0 = 𝜇𝜇
𝜎𝜎√2 (5.6)  
  
𝑃𝑃(𝑑𝑑𝑊𝑊𝑚𝑚𝑊𝑊𝑔𝑔𝑉𝑉 ≥ 𝐷𝐷𝑚𝑚|𝐼𝐼𝐼𝐼1, 𝐼𝐼𝐼𝐼2)= 12 [1 + erf(𝛽𝛽1 ln(𝐼𝐼𝐼𝐼1) + 𝛽𝛽2 ln(𝐼𝐼𝐼𝐼2) − 𝛽𝛽0)] (5.7)  
 
Next, the coefficients in Equations (5.4) – (5.6) will be maximized utilizing the maximum 
likelihood function in Equation (5.8). The output of the likelihood function is a mean and 
standard deviation that correspond to a statistical distribution with the highest likelihood 
of producing overturning, given CAV and SI. In the likelihood equation, the 𝑦𝑦𝑖𝑖  term is 
the binomial distribution variable, which is equal to one when the real response of the 
block exceeds the specified displacement level, which is overturning, and zero otherwise. 
Overturning occurs when the structure has reached a rotation angle greater than π/4, since 
it is possible for the structure to exceed the critical angle but still return safely to its 
original position.  
𝐿𝐿 = � 𝑃𝑃𝑖𝑖𝑦𝑦𝑖𝑖(1 − 𝑃𝑃𝑖𝑖)1−𝑦𝑦𝑖𝑖𝑛𝑛
𝑖𝑖=1
 (5.8)  
 Once the maximized mean and standard deviation have been determined from the 
likelihood function, they can directly be input into Equations (5.4) – (5.6) to calculate 
new coefficients that can then be incorporated into Equation (5.7), which can compute 
probabilities of overturning for any combination of CAV and SI. Using these 
relationships, a fragility surface was generated in MATLAB for a range of CAV values 
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from 0 – 25 m/s and SI values from 0 – 18 m/s (MathWorks, 2019). The cutoff value for 
the two IMs were selected based upon the highest CAV and SI values calculated for each 
of the 2719 ground motions. Fragility surfaces were plotted for the selected PBR and 
each of the assumed friction coefficients, which are shown in Figure 5.7 below. Each of 
the surfaces has a color distribution that corresponds with the vertical axis and represents 
the probability of overturning caused by either a pure rocking or slide-rocking response. 
The surfaces are very much alike, which is understandable given the similarity seen in 
their sliding and rocking response distribution in Figure 5.6. A two-dimensional color 
map depicting the overturning probabilities with CAV and SI on the x- and y-axes, 
respectively, is shown in Figure 5.8 for reference. From the color map, it can be seen that 
for high values of CAV and SI, representative of a high-intensity ground motion, the 
probability of overturning for the selected PBR is also high. Raw CAV and SI data points 
and the corresponding overturning probabilities from the analytical overturning response 
study are plotted against the fragility surface for 𝜇𝜇𝑠𝑠 = 0.75 in Figure 5.9. There is overlap 
between the overturning probabilities and the fragility surface, indicating that the 
lognormal distribution assumption was adequate for this analysis. In the following 
section, the fragility surfaces of this PBR will be utilized to demonstrate the applicability 
towards constraining rare seismic hazard.   
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(a) 
 
(b) 
 
(c) 
Figure 5.7 Fragility surfaces for (a) 𝛍𝛍𝐬𝐬 = 𝟎𝟎.𝟓𝟓𝟓𝟓, (b) 𝛍𝛍𝐬𝐬 = 𝟎𝟎.𝟔𝟔𝟓𝟓, (c) 𝛍𝛍𝐬𝐬 = 𝟎𝟎.𝟕𝟕𝟓𝟓. 
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Figure 5.8 Probability of overturning color map for 𝛍𝛍𝐬𝐬 = 𝟎𝟎.𝟔𝟔𝟓𝟓. 
 
Figure 5.9 Fragility surface for 𝝁𝝁𝒔𝒔 = 𝟎𝟎.𝟕𝟕𝟓𝟓 with overlaid data from analytical 
overturning responses. 
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5.4 Unexceeded Ground Motion  
In a 2013 paper, Baker et al. proposed a methodology to compute unexceeded 
ground motions (UGMs) at a site given a relationship between a vector of fragility 
function inputs and related hazard curve information. UGMs are defined as ground 
motions that would have caused significant damage to a structure during the period of 
time the structure was in a fragile state. Baker et al.’s (2013) analysis evaluated a 
precariously balanced rock (PBR) in Yucca Mountain, NV, using a fragility curve 
developed by others (Purvance et al., 2012). Utilizing an empirical relationship between 
one of the intensity measures with magnitude, the fragility surface can be converted into 
a set of fragility curves conditioned on earthquake magnitude. Provided a deagreggation 
of the seismic hazard at the site, this set of fragility curves can then be transformed to 
yield the annual probability of failure for the PBR, which can be used to constrain the 
hazard over the life of the PBR.  
5.4.1 Seismic Hazard Curve Generation 
 Seismic hazard curves depict the annual probability, or rate, of exceeding a 
specified ground motion parameter for a range of intensity levels (Baker, 2015). The 
annual rate of exceedance can be calculated through probabilistic seismic hazard analysis 
(PSHA) methods, which are based upon ground motion prediction equations (GMPEs) 
for predicting ground motion intensity measures (IMs) that are functions of earthquake 
magnitude and rupture distance. In this section, a seismic hazard curve for Elephant 
Rocks State Park in terms of Cumulative Absolute Velocity (CAV) will be generated 
through PSHA. Once the annual rate of exceedance for CAV is known, it can be directly 
input into the Baker methodology described above for comparison with the current 
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seismic hazard estimates at the site due to the New Madrid Seismic Zone (NMSZ).  
 Before constructing the hazard curve, distributions for earthquake magnitude, 
rupture distance, and CAV for Elephant Rocks State Park must be identified. Since there 
is limited data on the recurrence rates of the large intraplate earthquakes produced by the 
New Madrid Seismic Zone, the rate at which these magnitudes will occur, 𝜆𝜆𝑚𝑚, is taken as 
500 years, or 0.002 per year based on previous studies in the region (Kelson et al., 1996; 
Kenner and Segall, 2000; Tuttle et al., 2002). The distribution of earthquake magnitudes 
that are bounded by the minimum and maximum magnitudes for a site can be described 
by a cumulative distribution function and a probability distribution function (Baker, 
2015). For the purposes of this case study, the minimum magnitude bound for the NMSZ 
are taken as 5, which is a common lower bound in PSHA. Since the maximum 
earthquake magnitude to have been produced by the NMSZ is not known, it is assumed to 
be 8.5. Bounding the earthquake magnitudes for this analysis eliminates the possibility of 
predicting unrealizable earthquake events.The NMSZ is classified as an “area source” in 
PSHA since it is capable of producing intraplate earthquakes at varying locations rather 
than along specified faults, thus only one rupture distance is used in the PSHA 
calculations. Elephant Rocks State Park is about 130 km from the NMSZ, which will be 
used as the rupture distance. The simplistic approach to determining the distribution of 
magnitude and distance values for the site was done since a CAV ground motion 
prediction equation (GMPE) is not readily available in most PSHA softwares. Danciu and 
Tselentis (2007) proposed a GMPE for CAV based upon substantial Greek strong motion 
data.  
148 log10(𝐶𝐶𝐴𝐴𝑉𝑉) = 0.015 + 0.654𝐼𝐼 + 1.163 log10 �𝑅𝑅2 + 14.8762+ 0.009𝐴𝐴 + 0.103𝐹𝐹 + 𝜀𝜀 (5.9)  
Here, M and R refer to the magnitude and rupture distance of a sample earthquake event, 
and S and F are the soil and faulting mechanims coefficients, both taken as 1 for this 
study. The standard deviation of this equation, σ, and standard error, ε, are 0.106 and 
0.272, resepectively (Danciu and Tselentis, 2007). Now that the GMPE for CAV and the 
distributions for magnitude and rupture distance are known, they can be incorporated to 
produce a seismic hazard curve as shown in Figure 5.10.   
 
Figure 5.10 Seismic hazard curve for Elephant Rocks State Park 
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5.4.2 Annual Rate of PBR Failure 
 Recall the fragility surfaces constructed in Section 5.3, if slices are taken along 
the Cumulative Absolute Velocity (CAV) axis, each two-dimensional slice of the surface 
represents the fragility curve for a range of Response Spectrum Intensity (SI) values for a 
singular CAV value (Figure 5.11). The fragility curves associated with each discrete 
CAV value can be used, along with the probability distribution of a range of SI for a 
given earthquake magnitude, to construct fragility curves that are only a function of CAV 
and earthquake magnitude (Baker et al., 2013). The dependence of SI on earthquake 
magnitude was determined by plotting the magnitudes for the 2719 earthquake pulses and 
their corresponding values of SI (Figure 5.12). Then, a regression was performed using 
Equation (5.10) to calculate the mean value of the natural log of SI for a given earthquake 
magnitude (Baker et al., 2013).  
𝐸𝐸[ln(𝐼𝐼𝐼𝐼)] = 𝑊𝑊 + 𝑏𝑏𝐼𝐼 + 𝑉𝑉(𝐼𝐼− 𝑑𝑑)2 (5.10)  
 
where, a, b, c, and d are regression coefficients and M denotes the earthquake magnitude. 
The mean from Equation (5.10) and standard deviation of SI values were used to 
calculate the probability density function for SI given a magnitude:  
 𝑓𝑓𝐼𝐼𝑀𝑀(𝑦𝑦|𝐼𝐼) = 1𝜎𝜎𝑦𝑦√2𝜋𝜋 𝑉𝑉−0.5�ln𝑦𝑦−𝐸𝐸[ln(𝐼𝐼𝐼𝐼)]𝜎𝜎 �2 (5.11)  
 
In the above equation, σ is the standard deviation of SI. Once the overturning 
probabilities of the PBR as a function of SI for given values of CAV and the distribution 
of SI for a given earthquake magnitude are both known, the probability of failure for each 
CAV and M combination can be calculated with the following equation (Baker et al., 
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2013): 
𝑃𝑃�𝐺𝐺𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑠𝑠�𝐶𝐶𝐴𝐴𝑉𝑉 = 𝐻𝐻,𝐼𝐼 = 𝑚𝑚�= �𝑃𝑃�𝐺𝐺𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑠𝑠�𝐶𝐶𝐴𝐴𝑉𝑉 = 𝐻𝐻, 𝐴𝐴𝐼𝐼 = 𝑦𝑦� ∗ 𝑓𝑓𝐼𝐼𝑀𝑀(𝑦𝑦|𝑚𝑚)𝑑𝑑𝑦𝑦 (5.12)  
 
An individual fragility curve based on CAV and a single magnitude can be created using 
Equation (5.12). Figure 5.13 shows fragility curves for CAV and varying earthquake 
magnitudes. The fragility curve corresponding to a magnitude of 8 has lower CAV values 
for the same levels of overturning compared to the lower magnitude curves. This suggests 
that overturning is more likely for lower CAV values associated with magnitude 8 
earthquakes compared to other magnitudes. The mean curve for SI in Figure 5.12 
increases with increasing magnitude values, which may explain why the fragility curve 
for higher magnitudes are based on lower CAV values.  
 
 
Figure 5.11 Fragility curve for the case study PBR as a function of SI and CAV = 2 
m/s for 𝝁𝝁𝒔𝒔 = 𝟎𝟎.𝟔𝟔𝟓𝟓. 
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Figure 5.12 Distribution of earthquake magnitudes and corresponding SI values. 
 
 
 
Figure 5.13 Variation of CAV-based fragilities for the selected PBR, as a function of 
magnitude. 
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Now that the fragility as a function of CAV for individual earthquake magnitudes 
is known, the seismic hazard information calculated in the previous section is needed to 
compute the annual probability of overturning. By calculating the deaggregation 
probability that a ground motion has CAV equal to 𝐻𝐻𝑖𝑖 was caused by an earthquake with a 
magnitude of 𝑚𝑚𝑗𝑗, 𝑑𝑑𝑉𝑉𝑊𝑊𝑔𝑔𝑔𝑔�𝑚𝑚𝑗𝑗�𝐻𝐻𝑖𝑖�, and obtaining the annual probability of CAV equaling 
𝐻𝐻𝑖𝑖, which was determined from the seismic hazard curve, the annual probability of failure 
can be calculated (Baker et al., 2013): 
𝑃𝑃𝑚𝑚𝑛𝑛𝑛𝑛𝑎𝑎𝑚𝑚𝑎𝑎�𝐺𝐺𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑠𝑠� = ∑ ∑ 𝑃𝑃(𝐺𝐺𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑠𝑠|𝐶𝐶𝐴𝐴𝑉𝑉 = 𝐻𝐻𝑖𝑖,𝐼𝐼 = 𝑚𝑚𝑗𝑗)𝑗𝑗 ×𝑖𝑖
𝑑𝑑𝑉𝑉𝑊𝑊𝑔𝑔𝑔𝑔�𝑚𝑚𝑗𝑗�𝐻𝐻𝑖𝑖�𝑃𝑃𝑚𝑚𝑛𝑛𝑛𝑛𝑎𝑎𝑚𝑚𝑎𝑎(𝐶𝐶𝐴𝐴𝑉𝑉 = 𝐻𝐻𝑖𝑖)  (5.13)  
The annual probability of overturning can be used to calculate probabilities of survival 
for the PBR being analyzed. The probability of the PBR surviving for its assumed entire 
fragile existence is calculated using Equation (5.14).  
𝑃𝑃�𝐺𝐺𝑛𝑛𝑔𝑔𝑎𝑎 𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑎𝑎𝑑𝑑� = �1 − 𝑃𝑃𝑚𝑚𝑛𝑛𝑛𝑛𝑎𝑎𝑚𝑚𝑎𝑎�𝐺𝐺𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑠𝑠��𝑇𝑇  (5.14)  
The variable T represents the number of years the PBR, or structure, has been in a 
fragile, exhumed state. Table 5.6 through Table 5.6 list the annual probabilities of failure 
and the survival probabilities of the selected PBR based on the three geometries. The 
annual probabilities for overturning are almost identical across the three geometry cases 
and correspond to an annual probability of overturning of 0.4%. The probability of 
surviving over its lifetime can effectively be taken as zero, which contradicts the current 
upright position of the PBR. If a PBR is still standing in its precarious state, then there 
has not been an earthquake event powerful enough to cause overturning. This suggests 
that the calculated seismic hazard curve for this PBR has overestimated the annual rate of 
153 
exceedance of CAV. 
 
Table 5.4 Probabilities for selected PBR for 𝝁𝝁𝒔𝒔 = 𝟎𝟎.𝟓𝟓𝟓𝟓. 
Probability 
Duration, T (years) 
10,000 20,000 30,000 40,000 
𝑃𝑃𝑚𝑚𝑛𝑛𝑛𝑛𝑎𝑎𝑚𝑚𝑎𝑎(𝐺𝐺𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑠𝑠)) 0.0040 
𝑃𝑃(𝐺𝐺𝑛𝑛𝑔𝑔𝑎𝑎 𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑎𝑎𝑑𝑑) 3.58E-18 1.28E-35 4.57E-53 1.63E-70 
 
 
Table 5.5 Probabilities for selected PBR for 𝝁𝝁𝒔𝒔 = 𝟎𝟎.𝟔𝟔𝟓𝟓. 
Probability 
Duration, T (years) 
10,000 20,000 30,000 40,000 
𝑃𝑃𝑚𝑚𝑛𝑛𝑛𝑛𝑎𝑎𝑚𝑚𝑎𝑎(𝐺𝐺𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑠𝑠)) 0.0040 
𝑃𝑃(𝐺𝐺𝑛𝑛𝑔𝑔𝑎𝑎 𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑎𝑎𝑑𝑑) 3.58E-18 1.28E-35 4.57E-53 1.63E-70 
 
 
Table 5.6 Probabilities for selected PBR for 𝝁𝝁𝒔𝒔 = 𝟎𝟎.𝟕𝟕𝟓𝟓. 
Probability Duration, T (years) 
10,000 20,000 30,000 40,000 
𝑃𝑃𝑚𝑚𝑛𝑛𝑛𝑛𝑎𝑎𝑚𝑚𝑎𝑎(𝐺𝐺𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑠𝑠)) 0.0039 
𝑃𝑃(𝐺𝐺𝑛𝑛𝑔𝑔𝑎𝑎 𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑎𝑎𝑑𝑑) 8.80E-18 7.74E-35 6.82E-52 6.00E-69 
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Now that the annual probability of failure of the PBR has been determined, the 
unexceeded ground motion (UGM) can be calculated. The methodology proposed by 
Baker et al. (2013) used the following equation to compute the cumulative contribution of 
all intensity measures (IMs) less than a certain threshold to the failure of the PBR: 
𝑃𝑃�𝐺𝐺𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑠𝑠 𝑑𝑑𝑑𝑑𝑉𝑉 𝑡𝑡𝑟𝑟 𝐼𝐼𝐼𝐼 ≤ 𝐻𝐻� = ∑ 𝑃𝑃�𝐺𝐺𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑠𝑠�𝐼𝐼𝐼𝐼 = 𝐻𝐻𝑖𝑖�𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝐼𝐼𝑀𝑀=𝑧𝑧𝑖𝑖)𝑧𝑧𝑧𝑧𝑖𝑖=0 𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝐺𝐺𝑓𝑓𝑎𝑎𝑖𝑖𝑎𝑎𝑓𝑓)   (5.15)  
 
 here, 𝑃𝑃�𝐺𝐺𝑓𝑓𝑚𝑚𝑖𝑖𝑎𝑎𝑠𝑠�𝐼𝐼𝐼𝐼 = 𝐻𝐻𝑖𝑖� corresponds to the fragility of the PBR and 𝑃𝑃𝑚𝑚𝑛𝑛𝑛𝑛𝑎𝑎𝑚𝑚𝑎𝑎(𝐼𝐼𝐼𝐼 = 𝐻𝐻𝑖𝑖) is 
the annual rate of exceedance. The result of Equation (5.15) is a curve where the 50th 
percentile cumulative probability of failure corresponds to the UGM of the PBR, see 
Figure 5.14. For each of the geometry cases, the UGM was around a CAV of 0.7 m/s. To 
compare the UGM against the seismic hazard curve for Elephant Rocks State Park, the 
curve must be scaled by a factor of α such that the UGM corresponds to a specified 
probability of the PBR surviving. Typically, a survival probability of 5% is used for 
calculating α. The α values for the three geometry cases and four ages are shown in Table 
5.7. 
𝛼𝛼0.05 = 1−0.051/𝑇𝑇𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝐺𝐺𝑓𝑓𝑎𝑎𝑖𝑖𝑎𝑎𝑓𝑓)  (5.16)  
The UGM is plotted at the height of the hazard curve multiplied by a factor of α. Figure 
5.15 shows the range of UGM values that correspond to a 5% probability of the PBR 
surviving for the three different coefficients of static friction across four different 
durations compared against the seismic hazard curve for Elephant Rocks State Park. If 
the hazard curve were to pass through the UGM point, then there is a 5% probability that 
the PBR would survive over the course of its existence without failing (Baker et al., 
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2013). Since the UGMs are below the seismic hazard curve, there is a very small chance 
that the PBR would have survived in its existing fragile state, as indicated by the survival 
probabilities previously calculated. Additionally, the UGM point corresponds to the 
median CAV value that would cause the PBR to overturn. The rate of exceedance is 
higher for the shorter lifetimes, which means that the hazard would not need to be scaled 
down as much for the PBR to have a 5% probability of surviving.  
 
Figure 5.14 Cumulative contributions of CAV ≤ z to the failures of the PBR for 𝝁𝝁𝒔𝒔 =
𝟎𝟎.𝟓𝟓𝟓𝟓. 
 
Table 5.7 Scaling factors, 𝜶𝜶𝟎𝟎.𝟎𝟎𝟓𝟓, for selected PBR. 
Coefficient of 
Static Friction 
𝜶𝜶𝟎𝟎.𝟎𝟎𝟓𝟓 
10,000 20,000 30,000 40,000 
𝜇𝜇𝑠𝑠 = 0.55 0.075 0.037 0.025 0.019 
𝜇𝜇𝑠𝑠 = 0.65 0.075 0.037 0.025 0.019 
𝜇𝜇𝑠𝑠 = 0.75 0.076 0.038 0.025 0.019 
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Figure 5.15 Comparison of the UGMs for four ages. 
 
5.4 Concluding Remarks 
 A precariously balanced rock (PBR) from Elephant Rocks State Park in 
southeastern Missouri was selected as part of a case study to utilize the identified vector 
intensity measures from Chapter 4 in an evaluation of the seismic hazard in the New 
Madrid Seismic Zone. Using a suite of earthquake motions, displacement data were 
gathered for a two-dimensional idealization of the PBR using three different estimates of 
the coefficients of static friction. The overturning failures due to rocking and slide-
rocking were incorporated into a maximum likelihood estimation along with values for 
Cumulative Absolute Velocity (CAV) and Response Spectrum Intensity (SI) to generate 
fragility surfaces for the PBR. This fragility information, combined with seismic hazard 
data from probabilistic seismic hazard analysis (PSHA), produced an annual probability 
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of overturning. The probability of survival was calculated using the annual probability of 
overturning, and the calculations predicted that the PBR should not have survived until 
the present day. However, several assumptions were made over the course of this analysis 
which may introduced uncertainty with respect to the overestimation of the seismic 
hazard. For example, it was assumed that the behavior of a three-dimensional PBR could 
be modeled in two-dimensions and that the PBR was on a flat surface, when in reality it 
is resting on a slight slope. In addition, this study only represents one rock out of many in 
the same region. More rocks would need to be analyzed in order to confirm that the 
seismic hazard is truly being overestimated. The overall goal of this analysis was only to 
demonstrate the use of the identified vector intensity measures in determining PBR 
fragilities, not to assess the seismic hazard of Elephant Rocks State Park. A much more 
robust analysis is recommended for the New Madrid Seismic Zone.  
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CHAPTER 6 – CONCLUSIONS AND FUTURE WORK 
 Freestanding structures, such as precariously balanced rocks (PBRs), can be 
analytically modeled in two-dimensions to obtain their dynamic response to earthquake 
excitations. In turn, these dynamic responses were shown to have a strong probabilistic 
relationship with Cumulative Absolute Velocity and Response Spectrum Intensity, a 
vector intensity measure. This new relationship can be utilized in a fragility analysis 
framework to predict the overturning probability of precariously balanced rocks (PBRs) 
in the field and the unexceeded ground motion at the site.  
6.1 Conclusions 
 The overall goal of this thesis was to develop a robust, probabilistic relationship 
between an earthquake intensity measure (IM) and the dynamic behavior of freestanding 
structures in order to build a framework in which precariously balanced rocks (PBRs) can 
be effectively used to constrain seismic hazard. Analytical equations of motion for 
rocking and slide-rocking were derived to represent the two-dimensional dynamic 
response of freestanding structures subjected to seismic excitations. Translational and 
rotational displacement data were gathered from the analytical model after subjecting 
different freestanding structure geometries to several synthetic earthquake pulses. The 
response data then was incorporated into scalar and vector IM studies to find a new 
probabilistic relationship.  
Forty-seven ground motion IMs were evaluated based upon their computability, 
proficiency, sufficiency, and robustness. These classifiers refer to the ease of computing 
the IM, the strength of the correlation between an IM and a structural demand measure, 
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the IM’s independence from earthquake magnitude and rupture distance, and the 
consistency of the IM over multiple damage thresholds and geometric parameters, 
respectively. Through a study on the 47 scalar IMs, traditionally used IMs like peak 
ground acceleration demonstrated weak correlations with the freestanding structure 
demands, justifying the need to find better relationships. None of the other scalar IMs 
produced satisfactory probabilistic relationships with sliding or rocking demands, which 
warranted performing a vector IM study. For the vector IM study, a Receiver Operator 
Characteristic analysis was implemented to measure the ability of the vector IM to 
predict the dynamic response of a freestanding structure. It was found that the two 
optimal IMs that demonstrated superior computability, proficiency, sufficiency, and 
robustness were Cumulative Absolute Velocity (CAV) and Response Spectrum Intensity 
(SI).  
A case study was conducted to utilize the identified vector IM in a fragility 
analysis framework. The dynamic behavior of a PBR from Elephant Rocks State Park 
was modeled and used to construct a fragility surface for overturning in terms of CAV 
and SI. Once the fragility of the PBR is identified, it can be manipulated to calculate the 
annual probability of the PBR overturning based on the seismic hazard curve of the site. 
The results of the PBR’s analysis suggested that the seismic hazard might be 
overestimated. However, several assumptions were made during the analysis so it cannot 
be explicitly stated that the seismic hazard at Elephant Rocks State Park is overestimated. 
The objective of the case study was to show that CAV and SI could be utilized in a 
fragility analysis with applications towards the determination of unexceeded ground 
motions for rare seismic hazard.  
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In summary: 
• Equations of motion were derived for two-dimensional sliding, rocking, and slide-
rocking behavior of a freestanding structure. 
• 47 scalar ground motion IMs were evaluated, but no strong relationships were 
identified. 
• 1081 vector ground motion IMs were considered and evaluated with respect to 
computability, proficiency, sufficiency, and robustness. 
• The top-performing vector IM was Cumulative Absolute Velocity and Response 
Spectrum Intensity for 0.1 to 2.5 seconds. 
• The applicability of the identified vector IM was demonstrated within a fragility 
analysis framework for a case study in Elephant Rocks State Park, MO. 
6.2 Future Work 
 The conclusions of this thesis identified some future areas of research to improve 
the effectiveness of using precariously balanced rocks to constrain seismic hazard. 
Modeling a freestanding structure in three-dimensions would allow others to verify the 
vector intensity measure (IM) selected in this study, which was chosen based upon two-
dimensional methods. However, current three-dimensional models have shown increased 
variability in the numerical response due to uncertain estimates of contact parameters 
(i.e., damping, friction). More research needs to be conducted to verify the accuracy of 
contact parameters utilized in three-dimensional modeling software before it can be 
applied to modeling PBRs. Another future work recommendation would be to conduct 
experimental shake table tests to verify the accuracy of the equations that were derived. 
Unlike previous experiments, these should account for multiple modes of response (e.g., 
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sliding) as well as incorporate arbitrary interface geometries, such as the case with PBRs. 
This thesis assumed that the freestanding structure was resting on a rigid base, but there 
are existing PBRs that do not rest on a rigid rock pedestal. Thus, further research into the 
impact of soil and material flexibility on the dynamic response of freestanding structures 
could be warranted. 
This thesis utilized a previously developed methodology for using a vector 
intensity measure to constrain a region’s seismic hazard by collecting the geometric data 
of a precariously balanced rock in the region. Several assumptions were incorporated into 
this methodology, and future research is needed to verify this approach. The geometric 
properties of the PBR used in the case study were idealized from three-dimensions into 
two-dimensions, and the basal conditions were simplified. In addition, only one rock was 
analyzed, which is not a reliable sample size. To further this work, more PBRs should be 
studied, as well as different regions within the New Madrid Seismic Zone, to better 
understand the seismic hazard. 
In conclusion, future work includes: 
• Modeling a freestanding structure in three-dimensions to verify the identified 
vector IM. 
• Conducting experimental shake table tests to verify the accuracy of the derived 
equations of motion. 
• A more robust case study should be conducted that incorporates several PBRs in 
different regions of the New Madrid Seismic Zone. 
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Appendix A: Scalar Intensity Measure R² Values 
 
Table A.1 Correlation coefficients for scalar IMs for pure sliding geometry 
Intensity Measure R² 
Arias Intensity (m/s) 0.331 
ASI 0.1 to 0.5 s (m/s²) 0.174 
ASI 0.1 to 3 s (m/s²) 0.245 
ASI 0.5 to 1 s (m/s²) 0.184 
ASI 1 to 1.5 s (m/s²) 0.231 
ASI 1 to 2.5 s (m/s²) 0.300 
ASI 1.5 to 2 s (m/s²) 0.314 
ASI 2 to 2.5 s (m/s²) 0.423 
ASI 2.5 to 3 s (m/s²) 0.529 
CAV (m/s) 0.492 
Characteristic Intensity 0.272 
Characteristic Length 0.233 
DSI 0.1 to 0.5 s (m/s²) 0.177 
DSI 0.1 to 3 s (m/s²) 0.404 
DSI 0.5 to 1 s (m/s²) 0.188 
DSI 1 to 1.5 s (m/s²) 0.236 
DSI 1 to 2.5 s (m/s²) 0.347 
DSI 1.5 to 2 s (m/s²) 0.320 
DSI 2 to 2.5 s (m/s²) 0.428 
DSI 2.5 to 3 s (m/s²) 0.533 
Duration (s) 0.247 
Effective Design Acceleration (m/s²) 0.171 
Effective Peak Acceleration (m/s²) 0.174 
Effective Peak Velocity (m/s) 0.196 
PHV/PHA (m/s/m/s²) 0.251 
PHA (m/s²) 0.173 
PHV(m/s) 0.550 
Predominant Period (s) 0.256 
RMS Acceleration (m/s²) 0.175 
SI 0.1 to 0.5 s (m/s) 0.175 
SI 0.1 to 2.5 s (m/s) 0.282 
SI 0.1 to 3 s (m/s) 0.338 
SI 0.5 to 1 s (m/s) 0.186 
SI 1 to 1.5 s (m/s) 0.234 
SI 1 to 2.5 s (m/s) 0.324 
SI 1.5 to 2 s (m/s) 0.317 
SI 2 to 2.5 s (m/s) 0.426 
SI 2.5 to 3 s (m/s) 0.531 
Sustained Max Acceleration (m/s²) 0.173 
VSI 0.1 to 0.5 s (m/s) 0.216 
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VSI 0.1 to 3 s (m/s) 0.259 
VSI 0.5 to 1 s (m/s) 0.191 
VSI 1 to 1.5 s (m/s) 0.206 
VSI 1 to 2.5 s (m/s) 0.255 
VSI 1.5 to 2 s (m/s) 0.255 
VSI 2 to 2.5 s (m/s) 0.333 
VSI 2.5 to 3 s (m/s) 0.420 
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Table A.2 Correlation coefficients for scalar IMs for pure rocking geometry 
Intensity Measure R² 
Arias Intensity (m/s) 0.395 
ASI 0.1 to 0.5 s (m/s²) 0.215 
ASI 0.1 to 3 s (m/s²) 0.371 
ASI 0.5 to 1 s (m/s²) 0.333 
ASI 1 to 1.5 s (m/s²) 0.470 
ASI 1 to 2.5 s (m/s²) 0.497 
ASI 1.5 to 2 s (m/s²) 0.482 
ASI 2 to 2.5 s (m/s²) 0.435 
ASI 2.5 to 3 s (m/s²) 0.398 
CAV (m/s) 0.369 
Characteristic Intensity 0.339 
Characteristic Length 0.420 
DSI 0.1 to 0.5 s (m/s²) 0.222 
DSI 0.1 to 3 s (m/s²) 0.479 
DSI 0.5 to 1 s (m/s²) 0.358 
DSI 1 to 1.5 s (m/s²) 0.475 
DSI 1 to 2.5 s (m/s²) 0.487 
DSI 1.5 to 2 s (m/s²) 0.480 
DSI 2 to 2.5 s (m/s²) 0.433 
DSI 2.5 to 3 s (m/s²) 0.397 
Duration (s) 0.220 
Effective Design Acceleration (m/s²) 0.216 
Effective Peak Acceleration (m/s²) 0.215 
Effective Peak Velocity (m/s) 0.382 
PHV/PHA (m/s/m/s²) 0.213 
PHA (m/s²) 0.223 
PHV(m/s) 0.365 
Predominant Period (s) 0.259 
RMS Acceleration (m/s²) 0.223 
SI 0.1 to 0.5 s (m/s) 0.218 
SI 0.1 to 2.5 s (m/s) 0.465 
SI 0.1 to 3 s (m/s) 0.474 
SI 0.5 to 1 s (m/s) 0.346 
SI 1 to 1.5 s (m/s) 0.473 
SI 1 to 2.5 s (m/s) 0.495 
SI 1.5 to 2 s (m/s) 0.481 
SI 2 to 2.5 s (m/s) 0.434 
SI 2.5 to 3 s (m/s) 0.398 
Sustained Max Acceleration (m/s²) 0.225 
VSI 0.1 to 0.5 s (m/s) 0.232 
VSI 0.1 to 3 s (m/s) 0.416 
VSI 0.5 to 1 s (m/s) 0.305 
VSI 1 to 1.5 s (m/s) 0.425 
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VSI 1 to 2.5 s (m/s) 0.459 
VSI 1.5 to 2 s (m/s) 0.461 
VSI 2 to 2.5 s (m/s) 0.442 
VSI 2.5 to 3 s (m/s) 0.426 
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Table A.3 Correlation coefficients for scalar IMs for slide-rocking geometry 1 
Intensity Measure Sliding Demands Rocking Demands R² R² 
Arias Intensity (m/s) 0.483 0.547 
ASI 0.1 to 0.5 s (m/s²) 0.203 0.199 
ASI 0.1 to 3 s (m/s²) 0.456 0.509 
ASI 0.5 to 1 s (m/s²) 0.339 0.404 
ASI 1 to 1.5 s (m/s²) 0.539 0.648 
ASI 1 to 2.5 s (m/s²) 0.555 0.624 
ASI 1.5 to 2 s (m/s²) 0.538 0.576 
ASI 2 to 2.5 s (m/s²) 0.495 0.467 
ASI 2.5 to 3 s (m/s²) 0.470 0.391 
CAV (m/s) 0.492 0.414 
Characteristic Intensity 0.388 0.445 
Characteristic Length 0.443 0.548 
DSI 0.1 to 0.5 s (m/s²) 0.216 0.210 
DSI 0.1 to 3 s (m/s²) 0.526 0.542 
DSI 0.5 to 1 s (m/s²) 0.375 0.450 
DSI 1 to 1.5 s (m/s²) 0.543 0.651 
DSI 1 to 2.5 s (m/s²) 0.539 0.573 
DSI 1.5 to 2 s (m/s²) 0.537 0.570 
DSI 2 to 2.5 s (m/s²) 0.494 0.463 
DSI 2.5 to 3 s (m/s²) 0.470 0.389 
Duration (s) 0.413 0.224 
Effective Design Acceleration (m/s²) 0.184 0.209 
Effective Peak Acceleration (m/s²) 0.202 0.199 
Effective Peak Velocity (m/s) 0.419 0.509 
PHV/PHA (m/s/m/s²) 0.375 0.222 
PHA (m/s²) 0.190 0.225 
PHV(m/s) 0.450 0.424 
Predominant Period (s) 0.374 0.261 
RMS Acceleration (m/s²) 0.186 0.226 
SI 0.1 to 0.5 s (m/s) 0.209 0.204 
SI 0.1 to 2.5 s (m/s) 0.536 0.619 
SI 0.1 to 3 s (m/s) 0.534 0.592 
SI 0.5 to 1 s (m/s) 0.358 0.428 
SI 1 to 1.5 s (m/s) 0.541 0.650 
SI 1 to 2.5 s (m/s) 0.548 0.600 
SI 1.5 to 2 s (m/s) 0.538 0.573 
SI 2 to 2.5 s (m/s) 0.494 0.464 
SI 2.5 to 3 s (m/s) 0.470 0.389 
Sustained Max Acceleration (m/s²) 0.192 0.228 
VSI 0.1 to 0.5 s (m/s) 0.286 0.221 
VSI 0.1 to 3 s (m/s) 0.501 0.569 
VSI 0.5 to 1 s (m/s) 0.304 0.350 
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VSI 1 to 1.5 s (m/s) 0.494 0.615 
VSI 1 to 2.5 s (m/s) 0.534 0.622 
VSI 1.5 to 2 s (m/s) 0.530 0.610 
VSI 2 to 2.5 s (m/s) 0.503 0.533 
VSI 2.5 to 3 s (m/s) 0.485 0.460 
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Table A.4 Correlation coefficients for scalar IMs for slide-rocking geometry 2 
Intensity Measure Sliding Demands Rocking Demands R² R² 
Arias Intensity (m/s) 0.464 0.510 
ASI 0.1 to 0.5 s (m/s²) 0.258 0.260 
ASI 0.1 to 3 s (m/s²) 0.430 0.535 
ASI 0.5 to 1 s (m/s²) 0.388 0.484 
ASI 1 to 1.5 s (m/s²) 0.514 0.622 
ASI 1 to 2.5 s (m/s²) 0.490 0.574 
ASI 1.5 to 2 s (m/s²) 0.474 0.519 
ASI 2 to 2.5 s (m/s²) 0.403 0.397 
ASI 2.5 to 3 s (m/s²) 0.363 0.340 
CAV (m/s) 0.374 0.436 
Characteristic Intensity 0.414 0.487 
Characteristic Length 0.428 0.583 
DSI 0.1 to 0.5 s (m/s²) 0.268 0.271 
DSI 0.1 to 3 s (m/s²) 0.424 0.486 
DSI 0.5 to 1 s (m/s²) 0.414 0.528 
DSI 1 to 1.5 s (m/s²) 0.515 0.617 
DSI 1 to 2.5 s (m/s²) 0.458 0.516 
DSI 1.5 to 2 s (m/s²) 0.470 0.512 
DSI 2 to 2.5 s (m/s²) 0.401 0.393 
DSI 2.5 to 3 s (m/s²) 0.363 0.339 
Duration (s) 0.289 0.228 
Effective Design Acceleration (m/s²) 0.262 0.291 
Effective Peak Acceleration (m/s²) 0.258 0.261 
Effective Peak Velocity (m/s) 0.446 0.585 
PHV/PHA (m/s/m/s²) 0.275 0.216 
PHA (m/s²) 0.274 0.315 
PHV(m/s) 0.345 0.432 
Predominant Period (s) 0.316 0.266 
RMS Acceleration (m/s²) 0.269 0.315 
SI 0.1 to 0.5 s (m/s) 0.263 0.266 
SI 0.1 to 2.5 s (m/s) 0.475 0.590 
SI 0.1 to 3 s (m/s) 0.446 0.553 
SI 0.5 to 1 s (m/s) 0.402 0.508 
SI 1 to 1.5 s (m/s) 0.515 0.619 
SI 1 to 2.5 s (m/s) 0.474 0.546 
SI 1.5 to 2 s (m/s) 0.472 0.515 
SI 2 to 2.5 s (m/s) 0.402 0.394 
SI 2.5 to 3 s (m/s) 0.363 0.339 
Sustained Max Acceleration (m/s²) 0.277 0.320 
VSI 0.1 to 0.5 s (m/s) 0.301 0.257 
VSI 0.1 to 3 s (m/s) 0.451 0.560 
VSI 0.5 to 1 s (m/s) 0.361 0.442 
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VSI 1 to 1.5 s (m/s) 0.494 0.619 
VSI 1 to 2.5 s (m/s) 0.485 0.586 
VSI 1.5 to 2 s (m/s) 0.485 0.565 
VSI 2 to 2.5 s (m/s) 0.422 0.473 
VSI 2.5 to 3 s (m/s) 0.377 0.412 
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Table A.5 Correlation coefficients for scalar IMs for slide-rocking geometry 3 
Intensity Measure Sliding Demands Rocking Demands R² R² 
Arias Intensity (m/s) 0.440 0.441 
ASI 0.1 to 0.5 s (m/s²) 0.253 0.239 
ASI 0.1 to 3 s (m/s²) 0.411 0.440 
ASI 0.5 to 1 s (m/s²) 0.369 0.389 
ASI 1 to 1.5 s (m/s²) 0.484 0.528 
ASI 1 to 2.5 s (m/s²) 0.468 0.537 
ASI 1.5 to 2 s (m/s²) 0.458 0.506 
ASI 2 to 2.5 s (m/s²) 0.393 0.433 
ASI 2.5 to 3 s (m/s²) 0.352 0.380 
CAV (m/s) 0.339 0.382 
Characteristic Intensity 0.395 0.394 
Characteristic Length 0.407 0.457 
DSI 0.1 to 0.5 s (m/s²) 0.263 0.249 
DSI 0.1 to 3 s (m/s²) 0.409 0.491 
DSI 0.5 to 1 s (m/s²) 0.392 0.418 
DSI 1 to 1.5 s (m/s²) 0.485 0.530 
DSI 1 to 2.5 s (m/s²) 0.442 0.510 
DSI 1.5 to 2 s (m/s²) 0.455 0.502 
DSI 2 to 2.5 s (m/s²) 0.391 0.430 
DSI 2.5 to 3 s (m/s²) 0.351 0.378 
Duration (s) 0.260 0.225 
Effective Design Acceleration (m/s²) 0.257 0.249 
Effective Peak Acceleration (m/s²) 0.253 0.239 
Effective Peak Velocity (m/s) 0.423 0.448 
PHV/PHA (m/s/m/s²) 0.247 0.222 
PHA (m/s²) 0.268 0.260 
PHV(m/s) 0.313 0.370 
Predominant Period (s) 0.301 0.275 
RMS Acceleration (m/s²) 0.263 0.260 
SI 0.1 to 0.5 s (m/s) 0.258 0.244 
SI 0.1 to 2.5 s (m/s) 0.454 0.526 
SI 0.1 to 3 s (m/s) 0.428 0.518 
SI 0.5 to 1 s (m/s) 0.381 0.405 
SI 1 to 1.5 s (m/s) 0.485 0.530 
SI 1 to 2.5 s (m/s) 0.455 0.526 
SI 1.5 to 2 s (m/s) 0.457 0.504 
SI 2 to 2.5 s (m/s) 0.392 0.431 
SI 2.5 to 3 s (m/s) 0.352 0.379 
Sustained Max Acceleration (m/s²) 0.271 0.263 
VSI 0.1 to 0.5 s (m/s) 0.292 0.251 
VSI 0.1 to 3 s (m/s) 0.436 0.487 
VSI 0.5 to 1 s (m/s) 0.347 0.357 
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VSI 1 to 1.5 s (m/s) 0.468 0.495 
VSI 1 to 2.5 s (m/s) 0.469 0.523 
VSI 1.5 to 2 s (m/s) 0.473 0.514 
VSI 2 to 2.5 s (m/s) 0.414 0.479 
VSI 2.5 to 3 s (m/s) 0.367 0.436 
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Table A.6 Correlation coefficients for scalar IMs for slide-rocking geometry 4 
Intensity Measure Sliding Demands Rocking Demands R² R² 
Arias Intensity (m/s) 0.522 0.533 
ASI 0.1 to 0.5 s (m/s²) 0.192 0.144 
ASI 0.1 to 3 s (m/s²) 0.509 0.441 
ASI 0.5 to 1 s (m/s²) 0.268 0.249 
ASI 1 to 1.5 s (m/s²) 0.533 0.552 
ASI 1 to 2.5 s (m/s²) 0.688 0.642 
ASI 1.5 to 2 s (m/s²) 0.682 0.646 
ASI 2 to 2.5 s (m/s²) 0.696 0.583 
ASI 2.5 to 3 s (m/s²) 0.681 0.487 
CAV (m/s) 0.641 0.447 
Characteristic Intensity 0.386 0.396 
Characteristic Length 0.451 0.447 
DSI 0.1 to 0.5 s (m/s²) 0.204 0.150 
DSI 0.1 to 3 s (m/s²) 0.746 0.618 
DSI 0.5 to 1 s (m/s²) 0.296 0.286 
DSI 1 to 1.5 s (m/s²) 0.549 0.566 
DSI 1 to 2.5 s (m/s²) 0.721 0.648 
DSI 1.5 to 2 s (m/s²) 0.685 0.645 
DSI 2 to 2.5 s (m/s²) 0.695 0.579 
DSI 2.5 to 3 s (m/s²) 0.680 0.484 
Duration (s) 0.515 0.211 
Effective Design Acceleration (m/s²) 0.165 0.149 
Effective Peak Acceleration (m/s²) 0.191 0.144 
Effective Peak Velocity (m/s) 0.334 0.352 
PHV/PHA (m/s/m/s²) 0.554 0.204 
PHA (m/s²) 0.165 0.160 
PHV(m/s) 0.687 0.446 
Predominant Period (s) 0.428 0.262 
RMS Acceleration (m/s²) 0.165 0.164 
SI 0.1 to 0.5 s (m/s) 0.198 0.147 
SI 0.1 to 2.5 s (m/s) 0.655 0.588 
SI 0.1 to 3 s (m/s) 0.717 0.602 
SI 0.5 to 1 s (m/s) 0.282 0.268 
SI 1 to 1.5 s (m/s) 0.541 0.559 
SI 1 to 2.5 s (m/s) 0.711 0.650 
SI 1.5 to 2 s (m/s) 0.684 0.646 
SI 2 to 2.5 s (m/s) 0.695 0.580 
SI 2.5 to 3 s (m/s) 0.680 0.485 
Sustained Max Acceleration (m/s²) 0.166 0.162 
VSI 0.1 to 0.5 s (m/s) 0.290 0.201 
VSI 0.1 to 3 s (m/s) 0.605 0.530 
VSI 0.5 to 1 s (m/s) 0.250 0.212 
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VSI 1 to 1.5 s (m/s) 0.442 0.485 
VSI 1 to 2.5 s (m/s) 0.629 0.602 
VSI 1.5 to 2 s (m/s) 0.620 0.614 
VSI 2 to 2.5 s (m/s) 0.692 0.603 
VSI 2.5 to 3 s (m/s) 0.716 0.533 
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Appendix B: Scalar Intensity Measure Histograms  
  
  
  
Figure B.1 Histograms of IMs for the 2719 pulses. 
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Figure B.2 Histograms of IMs for the 2719 pulses. 
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Figure B.3 Histograms of IMs for the 2719 pulses. 
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Figure B.4 Histograms of IMs for the 2719 pulses. 
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Figure B.5 Histograms of IMs for the 2719 pulses. 
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Figure B.6 Histograms of IMs for the 2719 pulses. 
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Figure B.7 Histograms of IMs for the 2719 pulses. 
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Figure B.8 Histograms of IMs for the 2719 pulses. 
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Appendix C: Scalar Intensity Measure Plots 
  
  
  
Figure C.1 Translational displacement for pure sliding case vs. IMs for all M-R 
pairs. 
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Figure C.2 Translational displacement for pure sliding case vs. IMs for all M-R 
pairs. 
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Figure C.3 Translational displacement for pure sliding case vs. IMs for all M-R 
pairs. 
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Figure C.4 Translational displacement for pure sliding case vs. IMs for all M-R 
pairs. 
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Figure C.5 Translational displacement for pure sliding case vs. IMs for all M-R 
pairs. 
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Figure C.6 Translational displacement for pure sliding case vs. IMs for all M-R 
pairs. 
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Figure C.7 Translational displacement for pure sliding case vs. IMs for all M-R 
pairs. 
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Figure C.8 Translational displacement for pure sliding case vs. IMs for all M-R 
pairs. 
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Figure C.9 Translational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.10 Translational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.11 Translational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.12 Translational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.13 Translational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.14 Translational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.15 Translational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.16 Translational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.17 Translational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.18 Translational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.19 Translational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.20 Translational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.21 Translational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.22 Translational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.23 Translational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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SI for 0.1 to 3 s (m/s)
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Figure C.24 Translational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.25 Translational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.26 Translational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.27 Translational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.28 Translational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.29 Translational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.30 Translational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.31 Translational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.32 Translational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.33 Translational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.34 Translational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.35 Translational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.36 Translational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.37 Translational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.38 Translational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.39 Translational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.40 Translational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.41 Rotational displacement for pure rocking case vs. IMs for all M-R 
pairs. 
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Figure C.42 Rotational displacement for pure rocking case vs. IMs for all M-R 
pairs. 
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Figure C.43 Rotational displacement for pure rocking case vs. IMs for all M-R 
pairs. 
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Figure C.44 Rotational displacement for pure rocking case vs. IMs for all M-R 
pairs. 
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Figure C.45 Rotational displacement for pure rocking case vs. IMs for all M-R 
pairs. 
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Figure C.46 Rotational displacement for pure rocking case vs. IMs for all M-R 
pairs. 
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Figure C.47 Rotational displacement for pure rocking case vs. IMs for all M-R 
pairs. 
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Figure C.48 Rotational displacement for pure rocking case vs. IMs for all M-R 
pairs. 
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Figure C.49 Rotational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.50 Rotational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.51 Rotational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.52 Rotational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.53 Rotational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.54 Rotational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.55 Rotational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.56 Rotational displacement for slide-rocking case 1 vs. IMs for all M-R 
pairs. 
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Figure C.57 Rotational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.58 Rotational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.59 Rotational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.60 Rotational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.61 Rotational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.62 Rotational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.63 Rotational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.64 Rotational displacement for slide-rocking case 2 vs. IMs for all M-R 
pairs. 
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Figure C.65 Rotational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.66 Rotational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.67 Rotational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.68 Rotational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.69 Rotational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.70 Rotational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.71 Rotational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.72 Rotational displacement for slide-rocking case 3 vs. IMs for all M-R 
pairs. 
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Figure C.73 Rotational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.74 Rotational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.75 Rotational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.76 Rotational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.77 Rotational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.78 Rotational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.79 Rotational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Figure C.80 Rotational displacement for slide-rocking case 4 vs. IMs for all M-R 
pairs. 
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Appendix D: Vector Intensity Measure 3D Plots 
 
 
Figure D.1 3D scatter plots for vector IM pairs for pure sliding geometry case. 
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Figure D.2 3D scatter plots for vector IM pairs for pure sliding geometry case. 
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Figure D.3 3D scatter plots for vector IM pairs for pure sliding geometry case. 
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Figure D.4 3D scatter plots for vector IM pairs for pure sliding geometry case. 
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Figure D.5 3D scatter plots for vector IM pairs for pure sliding geometry case. 
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Figure D.6 3D scatter plots for vector IM pairs for slide-rocking case 1 sliding 
demands. 
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Figure D.7 3D scatter plots for vector IM pairs for slide-rocking case 1 sliding 
demands. 
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Figure D.8 3D scatter plots for vector IM pairs for slide-rocking case 1 sliding 
demands. 
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Figure D.9 3D scatter plots for vector IM pairs for slide-rocking case 1 sliding 
demands. 
-4
-2
log(SI for 2 to 2.5 s) (m/s)
0
-14
-12
-10
-8
-6
lo
g(
|x
m
a
x|
) -4
log(PHA) (m/s
2
)
-2
0
2
4
2.5 22 1.5
-1
0
log(SI for 0.1 to 2.5 s) (m/s)
-14
-12
1
-10
-8
-6
-4
lo
g(
|x
m
a
x|
)
-2
0
2
4
log(PHA) (m/s
2
)
2.5 22 1.5
281 
 
Figure D.10 3D scatter plots for vector IM pairs for slide-rocking case 1 sliding 
demands. 
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Figure D.11 3D scatter plots for vector IM pairs for slide-rocking case 2 sliding 
demands. 
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Figure D.12 3D scatter plots for vector IM pairs for slide-rocking case 2 sliding 
demands. 
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Figure D.13 3D scatter plots for vector IM pairs for slide-rocking case 2 sliding 
demands. 
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Figure D.14 3D scatter plots for vector IM pairs for slide-rocking case 2 sliding 
demands. 
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Figure D.15 3D scatter plots for vector IM pairs for slide-rocking case 2 sliding 
demands. 
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Figure D.16 3D scatter plots for vector IM pairs for slide-rocking case 3 sliding 
demands. 
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Figure D.17 3D scatter plots for vector IM pairs for slide-rocking case 3 sliding 
demands. 
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Figure D.18 3D scatter plots for vector IM pairs for slide-rocking case 3 sliding 
demands. 
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Figure D.19 3D scatter plots for vector IM pairs for slide-rocking case 3 sliding 
demands. 
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Figure D.20 3D scatter plots for vector IM pairs for slide-rocking case 3 sliding 
demands. 
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Figure D.21 3D scatter plots for vector IM pairs for slide-rocking case 4 sliding 
demands. 
-2
0
log(ASI for 1 to 1.5 s)
(m/s
2
)
2
-14
-12
-10
-8
-6
log(CAV) (m/s)
lo
g(
|x
m
a
x|
) -4
-2
0
2
4
0 1 2 3
-3-2-1
log(SI for 1 to 1.5 s)
(m/s)
0
-14
-12
3
-10
-8
-6
1
-4
lo
g(
|x
m
a
x|
)
2
-2
0
2
log(CAV) (m/s)
4
1 0
293 
 
 
 
Figure D.22 3D scatter plots for vector IM pairs for slide-rocking case 4 sliding 
demands. 
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Figure D.23 3D scatter plots for vector IM pairs for slide-rocking case 4 sliding 
demands. 
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Figure D.24 3D scatter plots for vector IM pairs for slide-rocking case 4 sliding 
demands. 
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Figure D.25 3D scatter plots for vector IM pairs for slide-rocking case 4 sliding 
demands. 
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Figure D.26 3D scatter plots for vector IM pairs for pure rocking case. 
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Figure D.27 3D scatter plots for vector IM pairs for pure rocking case. 
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Figure D.28 3D scatter plots for vector IM pairs for pure rocking case. 
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Figure D.29 3D scatter plots for vector IM pairs for pure rocking case. 
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Figure D.30 3D scatter plots for vector IM pairs for pure rocking case. 
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Figure D.31 3D scatter plots for vector IM pairs for slide-rocking case 1 rocking 
demands. 
0
1
log(CAV) (m/s)
-14
-12
-10
-8
2
-6
-4
lo
g(
|
m
a
x|
) (
ra
d)
-2
0
log(ASI for 1 to 1.5 s) (m/s
2
)
2
3
4
2 1 0 -1 -2
-14
-12
-10
-8
-6
-4
-2
0
2
4
lo
g(
|
m
a
x|
) (
ra
d)
0
11
log(CAV) (m/s)
0-1
log(SI for 1 to 1.5 s) (m/s)
2 -2-3
303 
 
 
Figure D.32 3D scatter plots for vector IM pairs for slide-rocking case 1 rocking 
demands. 
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Figure D.33 3D scatter plots for vector IM pairs for slide-rocking case 1 rocking 
demands. 
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Figure D.34 3D scatter plots for vector IM pairs for slide-rocking case 1 rocking 
demands. 
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Figure D.35 3D scatter plots for vector IM pairs for slide-rocking case 1 rocking 
demands. 
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Figure D.36 3D scatter plots for vector IM pairs for slide-rocking case 2 rocking 
demands. 
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Figure D.37 3D scatter plots for vector IM pairs for slide-rocking case 2 rocking 
demands. 
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Figure D.38 3D scatter plots for vector IM pairs for slide-rocking case 2 rocking 
demands. 
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Figure D.39 3D scatter plots for vector IM pairs for slide-rocking case 2 rocking 
demands. 
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Figure D.40 3D scatter plots for vector IM pairs for slide-rocking case 2 rocking 
demands. 
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Figure D.41 3D scatter plots for vector IM pairs for slide-rocking case 3 rocking 
demands. 
-1
0
log(CAV) (m/s)
1
2
-14
3
-12
-10
2
-8
-6
1
lo
g(
|
m
a
x|
) (
ra
d) -4
-2
log(ASI for 1 to 1.5 s) (m/s
2
)
0
0
2
-1
4
-2
-4
-2
log(SI for 1 to 1.5 s)
(m/s)
0
-14
-12
-10
2
-8
-6
lo
g(
|
m
a
x
|) 
(ra
d) -4
-2
1
 log(CAV) (m/s)
0
2
4
0 -1
313 
 
 
Figure D.42 3D scatter plots for vector IM pairs for slide-rocking case 3 rocking 
demands. 
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Figure D.43 3D scatter plots for vector IM pairs for slide-rocking case 3 rocking 
demands. 
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Figure D.44 3D scatter plots for vector IM pairs for slide-rocking case 3 rocking 
demands. 
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Figure D.45 3D scatter plots for vector IM pairs for slide-rocking case 3 rocking 
demands. 
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Figure D.46 3D scatter plots for vector IM pairs for slide-rocking case 4 rocking 
demands. 
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Figure D.47 3D scatter plots for vector IM pairs for slide-rocking case 4 rocking 
demands. 
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Figure D.48 3D scatter plots for vector IM pairs for slide-rocking case 4 rocking 
demands. 
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Figure D.49 3D scatter plots for vector IM pairs for slide-rocking case 4 rocking 
demands. 
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Figure D.50 3D scatter plots for vector IM pairs for slide-rocking case 4 rocking 
demands. 
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Appendix E: Vector Intensity Measure AUC Values 
 
Table E.1 AUC values for vector IM pairs for pure sliding geometry 
Vector IMs Threshold 20% 25% 30% 35% 
ASI (0.1 - 0.5 s) & CAV 0.829 0.821 0.818 0.821 
ASI (0.1 - 0.5 s) & Duration 0.640 0.655 0.662 0.674 
ASI (0.1  - 0.5 s) & PHV 0.883 0.886 0.898 0.907 
ASI (1 - 1.5 s) & CAV 0.949 0.950 0.949 0.948 
CAV & DSI (1 - 1.5 s) 0.952 0.950 0.949 0.949 
CAV & PHV 0.959 0.955 0.959 0.954 
CAV & SI (1 - 1.5 s) 0.950 0.952 0.947 0.950 
CAV & SI (1 - 2.5 s) 0.973 0.972 0.967 0.966 
CAV & SI (0.1 - 3 s) 0.963 0.961 0.957 0.955 
CAV & SI (0.1 - 2.5 s) 0.949 0.948 0.95 0.948 
DSI (0.1 - 0.5 s) & CAV 0.588 0.593 0.578 0.546 
DSI (0.1 - 0.5 s) & PHV 0.575 0.567 0.568 0.577 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.841 0.843 0.834 0.826 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.856 0.864 0.875 0.881 
PHA & ASI (2 - 2.5 s) 0.816 0.826 0.837 0.839 
PHA & ASI (2.5 - 3 s) 0.817 0.826 0.836 0.844 
PHA & CAV 0.886 0.885 0.883 0.892 
PHA & Duration 0.698 0.702 0.707 0.718 
PHA & PHV 0.875 0.890 0.905 0.907 
PHA & SI (2 - 2.5 s) 0.887 0.899 0.898 0.892 
PHA & SI (2.5 - 3 s) 0.813 0.821 0.828 0.833 
PHA & SI (0.1 - 2.5 s) 0.867 0.863 0.853 0.841 
PHV & SI (0.1 - 2.5 s) 0.947 0.947 0.949 0.942 
SI (0.1 - 0.5 s) & CAV 0.580 0.570 0.569 0.573 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.677 0.691 0.698 0.701 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.742 0.760 0.771 0.766 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.774 0.786 0.793 0.797 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.866 0.871 0.863 0.858 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.909 0.915 0.904 0.905 
SI (0.1 - 0.5 s) & PHV 0.775 0.773 0.773 0.779 
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Table E.2 AUC values for vector IM pairs for pure sliding geometry 
Vector IMs Threshold 40% 45% 50% 55% 
ASI (0.1 - 0.5 s) & CAV 0.815 0.814 0.805 0.805 
ASI (0.1 - 0.5 s) & Duration 0.666 0.675 0.669 0.674 
ASI (0.1  - 0.5 s) & PHV 0.901 0.898 0.903 0.905 
ASI (1 - 1.5 s) & CAV 0.952 0.951 0.949 0.950 
CAV & DSI (1 - 1.5 s) 0.950 0.954 0.952 0.952 
CAV & PHV 0.951 0.959 0.961 0.961 
CAV & SI (1 - 1.5 s) 0.952 0.955 0.950 0.951 
CAV & SI (1 - 2.5 s) 0.965 0.968 0.963 0.962 
CAV & SI (0.1 - 3 s) 0.959 0.960 0.957 0.957 
CAV & SI (0.1 - 2.5 s) 0.948 0.952 0.949 0.95 
DSI (0.1 - 0.5 s) & CAV 0.524 0.489 0.436 0.400 
DSI (0.1 - 0.5 s) & PHV 0.589 0.596 0.619 0.639 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.820 0.801 0.797 0.782 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.887 0.879 0.886 0.877 
PHA & ASI (2 - 2.5 s) 0.837 0.834 0.837 0.840 
PHA & ASI (2.5 - 3 s) 0.845 0.848 0.857 0.860 
PHA & CAV 0.891 0.893 0.890 0.891 
PHA & Duration 0.717 0.720 0.722 0.729 
PHA & PHV 0.908 0.913 0.909 0.922 
PHA & SI (2 - 2.5 s) 0.882 0.875 0.873 0.863 
PHA & SI (2.5 - 3 s) 0.834 0.835 0.834 0.834 
PHA & SI (0.1 - 2.5 s) 0.838 0.829 0.809 0.798 
PHV & SI (0.1 - 2.5 s) 0.942 0.948 0.947 0.953 
SI (0.1 - 0.5 s) & CAV 0.580 0.590 0.608 0.626 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.711 0.710 0.699 0.704 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.784 0.776 0.778 0.774 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.810 0.807 0.808 0.821 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.855 0.846 0.832 0.828 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.903 0.895 0.898 0.886 
SI (0.1 - 0.5 s) & PHV 0.774 0.780 0.770 0.772 
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Table E.3 AUC values for vector IM pairs for slide-rocking geometry 1 sliding 
demands 
Vector IMs Threshold 20% 25% 30% 35% 
ASI (0.1 - 0.5 s) & CAV 0.799 0.813 0.816 0.843 
ASI (0.1 - 0.5 s) & Duration 0.810 0.809 0.824 0.824 
ASI (0.1  - 0.5 s) & PHV 0.787 0.809 0.799 0.816 
ASI (1 - 1.5 s) & CAV 0.857 0.862 0.847 0.869 
CAV & DSI (1 - 1.5 s) 0.815 0.840 0.830 0.840 
CAV & PHV 0.804 0.812 0.811 0.838 
CAV & SI (1 - 1.5 s) 0.831 0.825 0.838 0.851 
CAV & SI (1 - 2.5 s) 0.820 0.842 0.830 0.848 
CAV & SI (0.1 - 3 s) 0.833 0.845 0.849 0.847 
CAV & SI (0.1 - 2.5 s) 0.855 0.847 0.846 0.857 
DSI (0.1 - 0.5 s) & CAV 0.806 0.825 0.819 0.818 
DSI (0.1 - 0.5 s) & PHV 0.790 0.799 0.792 0.811 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.509 0.511 0.510 0.503 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.500 0.500 0.500 0.500 
PHA & ASI (2 - 2.5 s) 0.813 0.838 0.831 0.850 
PHA & ASI (2.5 - 3 s) 0.799 0.804 0.808 0.836 
PHA & CAV 0.816 0.811 0.822 0.824 
PHA & Duration 0.814 0.827 0.827 0.832 
PHA & PHV 0.802 0.801 0.794 0.827 
PHA & SI (2 - 2.5 s) 0.806 0.818 0.817 0.830 
PHA & SI (2.5 - 3 s) 0.787 0.808 0.804 0.828 
PHA & SI (0.1 - 2.5 s) 0.837 0.851 0.851 0.854 
PHV & SI (0.1 - 2.5 s) 0.851 0.855 0.858 0.86 
SI (0.1 - 0.5 s) & CAV 0.805 0.803 0.818 0.832 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.567 0.578 0.567 0.589 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.561 0.566 0.568 0.560 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.545 0.549 0.550 0.556 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.724 0.741 0.759 0.759 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.763 0.763 0.786 0.801 
SI (0.1 - 0.5 s) & PHV 0.800 0.811 0.799 0.822 
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Table E.4 AUC values for vector IM pairs for slide-rocking geometry 1 sliding 
demands 
Vector IMs Threshold 40% 45% 50% 55% 
ASI (0.1 - 0.5 s) & CAV 0.840 0.826 0.842 0.830 
ASI (0.1 - 0.5 s) & Duration 0.848 0.826 0.826 0.833 
ASI (0.1  - 0.5 s) & PHV 0.831 0.821 0.845 0.831 
ASI (1 - 1.5 s) & CAV 0.867 0.851 0.859 0.859 
CAV & DSI (1 - 1.5 s) 0.847 0.852 0.854 0.864 
CAV & PHV 0.839 0.847 0.858 0.864 
CAV & SI (1 - 1.5 s) 0.870 0.860 0.866 0.858 
CAV & SI (1 - 2.5 s) 0.866 0.855 0.864 0.861 
CAV & SI (0.1 - 3 s) 0.860 0.861 0.863 0.862 
CAV & SI (0.1 - 2.5 s) 0.867 0.868 0.879 0.87 
DSI (0.1 - 0.5 s) & CAV 0.832 0.833 0.838 0.835 
DSI (0.1 - 0.5 s) & PHV 0.826 0.815 0.836 0.832 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.510 0.510 0.500 0.498 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.500 0.500 0.500 0.500 
PHA & ASI (2 - 2.5 s) 0.851 0.866 0.878 0.867 
PHA & ASI (2.5 - 3 s) 0.852 0.848 0.860 0.855 
PHA & CAV 0.845 0.836 0.842 0.826 
PHA & Duration 0.847 0.848 0.852 0.852 
PHA & PHV 0.830 0.813 0.846 0.841 
PHA & SI (2 - 2.5 s) 0.842 0.840 0.866 0.867 
PHA & SI (2.5 - 3 s) 0.843 0.842 0.854 0.841 
PHA & SI (0.1 - 2.5 s) 0.866 0.867 0.874 0.851 
PHV & SI (0.1 - 2.5 s) 0.874 0.865 0.883 0.88 
SI (0.1 - 0.5 s) & CAV 0.838 0.824 0.853 0.831 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.599 0.590 0.571 0.558 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.562 0.546 0.551 0.564 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.555 0.549 0.551 0.557 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.793 0.784 0.793 0.773 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.819 0.807 0.845 0.821 
SI (0.1 - 0.5 s) & PHV 0.821 0.828 0.833 0.840 
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Table E.5 AUC values for vector IM pairs for slide-rocking geometry 2 sliding 
demands 
Vector IMs Threshold 20% 25% 30% 35% 
ASI (0.1 - 0.5 s) & CAV 0.738 0.739 0.729 0.719 
ASI (0.1 - 0.5 s) & Duration 0.702 0.692 0.687 0.665 
ASI (0.1  - 0.5 s) & PHV 0.745 0.730 0.729 0.722 
ASI (1 - 1.5 s) & CAV 0.849 0.847 0.838 0.836 
CAV & DSI (1 - 1.5 s) 0.710 0.700 0.712 0.693 
CAV & PHV 0.731 0.752 0.763 0.751 
CAV & SI (1 - 1.5 s) 0.831 0.829 0.830 0.818 
CAV & SI (1 - 2.5 s) 0.765 0.768 0.773 0.755 
CAV & SI (0.1 - 3 s) 0.762 0.774 0.780 0.781 
CAV & SI (0.1 - 2.5 s) 0.812 0.789 0.809 0.794 
DSI (0.1 - 0.5 s) & CAV 0.719 0.705 0.708 0.701 
DSI (0.1 - 0.5 s) & PHV 0.603 0.594 0.598 0.582 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.512 0.514 0.512 0.514 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.500 0.500 0.500 0.500 
PHA & ASI (2 - 2.5 s) 0.767 0.774 0.783 0.770 
PHA & ASI (2.5 - 3 s) 0.758 0.742 0.747 0.744 
PHA & CAV 0.746 0.739 0.736 0.721 
PHA & Duration 0.744 0.703 0.699 0.697 
PHA & PHV 0.767 0.738 0.737 0.734 
PHA & SI (2 - 2.5 s) 0.786 0.784 0.777 0.760 
PHA & SI (2.5 - 3 s) 0.760 0.756 0.758 0.750 
PHA & SI (0.1 - 2.5 s) 0.819 0.82 0.824 0.805 
PHV & SI (0.1 - 2.5 s) 0.811 0.814 0.797 0.796 
SI (0.1 - 0.5 s) & CAV 0.745 0.745 0.744 0.723 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.595 0.592 0.578 0.571 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.584 0.572 0.572 0.551 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.563 0.566 0.563 0.550 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.674 0.665 0.663 0.670 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.728 0.730 0.724 0.716 
SI (0.1 - 0.5 s) & PHV 0.723 0.731 0.718 0.709 
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Table E.6 AUC values for vector IM pairs for slide-rocking geometry 2 sliding 
demands 
Vector IMs Threshold 40% 45% 50% 55% 
ASI (0.1 - 0.5 s) & CAV 0.704 0.690 0.700 0.727 
ASI (0.1 - 0.5 s) & Duration 0.650 0.638 0.650 0.663 
ASI (0.1  - 0.5 s) & PHV 0.707 0.709 0.721 0.721 
ASI (1 - 1.5 s) & CAV 0.824 0.826 0.817 0.815 
CAV & DSI (1 - 1.5 s) 0.696 0.705 0.697 0.703 
CAV & PHV 0.721 0.721 0.728 0.746 
CAV & SI (1 - 1.5 s) 0.806 0.824 0.817 0.812 
CAV & SI (1 - 2.5 s) 0.739 0.752 0.750 0.769 
CAV & SI (0.1 - 3 s) 0.757 0.757 0.775 0.790 
CAV & SI (0.1 - 2.5 s) 0.783 0.793 0.8 0.803 
DSI (0.1 - 0.5 s) & CAV 0.691 0.664 0.669 0.670 
DSI (0.1 - 0.5 s) & PHV 0.576 0.580 0.579 0.573 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.515 0.513 0.509 0.511 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.500 0.500 0.500 0.500 
PHA & ASI (2 - 2.5 s) 0.746 0.749 0.767 0.777 
PHA & ASI (2.5 - 3 s) 0.717 0.718 0.739 0.746 
PHA & CAV 0.707 0.704 0.709 0.706 
PHA & Duration 0.678 0.669 0.690 0.688 
PHA & PHV 0.715 0.713 0.726 0.735 
PHA & SI (2 - 2.5 s) 0.757 0.768 0.775 0.773 
PHA & SI (2.5 - 3 s) 0.731 0.733 0.752 0.759 
PHA & SI (0.1 - 2.5 s) 0.775 0.785 0.805 0.808 
PHV & SI (0.1 - 2.5 s) 0.79 0.795 0.801 0.812 
SI (0.1 - 0.5 s) & CAV 0.705 0.702 0.709 0.722 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.570 0.582 0.573 0.585 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.557 0.554 0.553 0.558 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.539 0.550 0.543 0.546 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.657 0.656 0.657 0.675 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.706 0.702 0.716 0.708 
SI (0.1 - 0.5 s) & PHV 0.691 0.686 0.698 0.705 
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Table E.7 AUC values for vector IMs pairs for slide-rocking geometry 3 sliding 
demands 
Vector IMs Threshold 20% 25% 30% 35% 
ASI (0.1 - 0.5 s) & CAV 0.655 0.651 0.618 0.629 
ASI (0.1 - 0.5 s) & Duration 0.618 0.616 0.589 0.590 
ASI (0.1  - 0.5 s) & PHV 0.647 0.646 0.637 0.625 
ASI (1 - 1.5 s) & CAV 0.827 0.852 0.847 0.840 
CAV & DSI (1 - 1.5 s) 0.554 0.558 0.555 0.559 
CAV & PHV 0.638 0.645 0.651 0.656 
CAV & SI (1 - 1.5 s) 0.787 0.794 0.796 0.799 
CAV & SI (1 - 2.5 s) 0.677 0.715 0.723 0.717 
CAV & SI (0.1 - 3 s) 0.731 0.759 0.752 0.759 
CAV & SI (0.1 - 2.5 s) 0.795 0.83 0.805 0.805 
DSI (0.1 - 0.5 s) & CAV 0.500 0.500 0.501 0.500 
DSI (0.1 - 0.5 s) & PHV 0.500 0.500 0.500 0.500 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.500 0.500 0.500 0.500 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.500 0.500 0.500 0.500 
PHA & ASI (2 - 2.5 s) 0.713 0.722 0.721 0.720 
PHA & ASI (2.5 - 3 s) 0.683 0.694 0.672 0.687 
PHA & CAV 0.667 0.664 0.645 0.661 
PHA & Duration 0.667 0.663 0.633 0.643 
PHA & PHV 0.657 0.670 0.647 0.648 
PHA & SI (2 - 2.5 s) 0.710 0.737 0.715 0.732 
PHA & SI (2.5 - 3 s) 0.696 0.696 0.691 0.701 
PHA & SI (0.1 - 2.5 s) 0.781 0.797 0.775 0.785 
PHV & SI (0.1 - 2.5 s) 0.775 0.801 0.782 0.784 
SI (0.1 - 0.5 s) & CAV 0.631 0.629 0.596 0.588 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.575 0.580 0.571 0.576 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.564 0.572 0.557 0.564 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.553 0.565 0.553 0.553 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.629 0.646 0.624 0.630 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.642 0.647 0.637 0.636 
SI (0.1 - 0.5 s) & PHV 0.606 0.604 0.594 0.574 
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Table E.8 AUC values for vector IM pairs for slide-rocking geometry 3 sliding 
demands 
Vector IMs Threshold 40% 45% 50% 55% 
ASI (0.1 - 0.5 s) & CAV 0.627 0.631 0.613 0.633 
ASI (0.1 - 0.5 s) & Duration 0.577 0.578 0.572 0.580 
ASI (0.1  - 0.5 s) & PHV 0.621 0.620 0.620 0.634 
ASI (1 - 1.5 s) & CAV 0.833 0.831 0.828 0.817 
CAV & DSI (1 - 1.5 s) 0.557 0.561 0.559 0.561 
CAV & PHV 0.667 0.693 0.694 0.717 
CAV & SI (1 - 1.5 s) 0.791 0.812 0.794 0.790 
CAV & SI (1 - 2.5 s) 0.731 0.746 0.759 0.761 
CAV & SI (0.1 - 3 s) 0.773 0.784 0.787 0.799 
CAV & SI (0.1 - 2.5 s) 0.822 0.819 0.821 0.823 
DSI (0.1 - 0.5 s) & CAV 0.500 0.500 0.500 0.500 
DSI (0.1 - 0.5 s) & PHV 0.500 0.500 0.500 0.500 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.500 0.500 0.500 0.500 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.500 0.500 0.500 0.500 
PHA & ASI (2 - 2.5 s) 0.722 0.729 0.729 0.749 
PHA & ASI (2.5 - 3 s) 0.689 0.689 0.685 0.698 
PHA & CAV 0.646 0.644 0.642 0.646 
PHA & Duration 0.633 0.636 0.618 0.635 
PHA & PHV 0.636 0.630 0.640 0.637 
PHA & SI (2 - 2.5 s) 0.729 0.737 0.731 0.749 
PHA & SI (2.5 - 3 s) 0.698 0.703 0.696 0.718 
PHA & SI (0.1 - 2.5 s) 0.791 0.804 0.79 0.798 
PHV & SI (0.1 - 2.5 s) 0.797 0.782 0.772 0.76 
SI (0.1 - 0.5 s) & CAV 0.610 0.595 0.601 0.617 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.576 0.570 0.573 0.579 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.559 0.559 0.556 0.552 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.558 0.555 0.549 0.541 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.636 0.644 0.638 0.638 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.645 0.653 0.637 0.656 
SI (0.1 - 0.5 s) & PHV 0.582 0.585 0.575 0.586 
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Table E.9 AUC values for vector IM pairs for slide-rocking geometry 4 sliding 
demands 
Vector IMs Threshold 20% 25% 30% 35% 
ASI (0.1 - 0.5 s) & CAV 0.945 0.925 0.878 0.851 
ASI (0.1 - 0.5 s) & Duration 0.904 0.901 0.876 0.892 
ASI (0.1  - 0.5 s) & PHV 0.944 0.936 0.928 0.936 
ASI (1 - 1.5 s) & CAV 0.969 0.940 0.881 0.848 
CAV & DSI (1 - 1.5 s) 0.966 0.960 0.914 0.900 
CAV & PHV 0.952 0.950 0.923 0.936 
CAV & SI (1 - 1.5 s) 0.979 0.963 0.925 0.910 
CAV & SI (1 - 2.5 s) 0.975 0.969 0.930 0.935 
CAV & SI (0.1 - 3 s) 0.957 0.950 0.891 0.875 
CAV & SI (0.1 - 2.5 s) 0.974 0.958 0.925 0.906 
DSI (0.1 - 0.5 s) & CAV 0.715 0.672 0.608 0.590 
DSI (0.1 - 0.5 s) & PHV 0.960 0.956 0.918 0.907 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.823 0.833 0.784 0.781 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.638 0.630 0.609 0.576 
PHA & ASI (2 - 2.5 s) 0.965 0.962 0.941 0.944 
PHA & ASI (2.5 - 3 s) 0.966 0.966 0.931 0.949 
PHA & CAV 0.945 0.928 0.900 0.881 
PHA & Duration 0.920 0.924 0.902 0.899 
PHA & PHV 0.945 0.933 0.908 0.913 
PHA & SI (2 - 2.5 s) 0.957 0.969 0.939 0.946 
PHA & SI (2.5 - 3 s) 0.942 0.956 0.940 0.947 
PHA & SI (0.1 - 2.5 s) 0.975 0.97 0.933 0.918 
PHV & SI (0.1 - 2.5 s) 0.97 0.954 0.898 0.881 
SI (0.1 - 0.5 s) & CAV 0.859 0.805 0.723 0.698 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.764 0.741 0.724 0.702 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.760 0.766 0.737 0.729 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.735 0.745 0.714 0.718 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.950 0.942 0.922 0.936 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.943 0.944 0.922 0.946 
SI (0.1 - 0.5 s) & PHV 0.961 0.960 0.931 0.941 
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Table E. 10 AUC values for vector IM pairs for slide-rocking geometry 4 sliding 
demands 
Vector IMs Threshold 40% 45% 50% 55% 
ASI (0.1 - 0.5 s) & CAV 0.814 0.776 0.729 0.697 
ASI (0.1 - 0.5 s) & Duration 0.885 0.887 0.905 0.904 
ASI (0.1  - 0.5 s) & PHV 0.931 0.933 0.937 0.946 
ASI (1 - 1.5 s) & CAV 0.803 0.757 0.720 0.693 
CAV & DSI (1 - 1.5 s) 0.902 0.873 0.845 0.837 
CAV & PHV 0.935 0.923 0.935 0.943 
CAV & SI (1 - 1.5 s) 0.899 0.871 0.842 0.823 
CAV & SI (1 - 2.5 s) 0.922 0.891 0.866 0.827 
CAV & SI (0.1 - 3 s) 0.834 0.807 0.754 0.735 
CAV & SI (0.1 - 2.5 s) 0.868 0.824 0.778 0.757 
DSI (0.1 - 0.5 s) & CAV 0.610 0.672 0.806 0.635 
DSI (0.1 - 0.5 s) & PHV 0.892 0.857 0.807 0.774 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.751 0.707 0.650 0.592 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.540 0.524 0.506 0.500 
PHA & ASI (2 - 2.5 s) 0.936 0.922 0.878 0.851 
PHA & ASI (2.5 - 3 s) 0.935 0.943 0.941 0.931 
PHA & CAV 0.862 0.826 0.774 0.748 
PHA & Duration 0.909 0.900 0.920 0.910 
PHA & PHV 0.921 0.915 0.940 0.947 
PHA & SI (2 - 2.5 s) 0.943 0.940 0.939 0.937 
PHA & SI (2.5 - 3 s) 0.939 0.948 0.948 0.948 
PHA & SI (0.1 - 2.5 s) 0.891 0.851 0.796 0.766 
PHV & SI (0.1 - 2.5 s) 0.841 0.791 0.748 0.716 
SI (0.1 - 0.5 s) & CAV 0.671 0.647 0.719 0.787 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.661 0.633 0.563 0.540 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.698 0.651 0.614 0.534 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.717 0.665 0.592 0.564 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.908 0.874 0.852 0.804 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.935 0.930 0.933 0.929 
SI (0.1 - 0.5 s) & PHV 0.940 0.933 0.940 0.936 
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Table E.11 AUC values for vector IM pairs for pure rocking geometry 
Vector IMs Threshold 10% 20% 30% 40% 50% 
ASI (0.1 - 0.5 s) & CAV 0.625 0.714 0.816 0.835 0.841 
ASI (0.1 - 0.5 s) & Duration 0.596 0.634 0.685 0.697 0.680 
ASI (0.1  - 0.5 s) & PHV 0.540 0.634 0.686 0.696 0.696 
ASI (1 - 1.5 s) & CAV 0.790 0.891 0.945 0.959 0.956 
CAV & DSI (1 - 1.5 s) 0.750 0.864 0.927 0.934 0.888 
CAV & PHV 0.747 0.815 0.857 0.863 0.880 
CAV & SI (1 - 1.5 s) 0.782 0.873 0.928 0.948 0.944 
CAV & SI (1 - 2.5 s) 0.757 0.808 0.838 0.847 0.865 
CAV & SI (0.1 - 3 s) 0.746 0.825 0.874 0.888 0.896 
CAV & SI (0.1 - 2.5 s) 0.78 0.875 0.927 0.937 0.943 
DSI (0.1 - 0.5 s) & CAV 0.362 0.390 0.449 0.520 0.590 
DSI (0.1 - 0.5 s) & PHV 0.751 0.772 0.770 0.729 0.675 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.354 0.411 0.473 0.497 0.509 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.332 0.387 0.452 0.461 0.470 
PHA & ASI (2 - 2.5 s) 0.685 0.770 0.783 0.810 0.823 
PHA & ASI (2.5 - 3 s) 0.624 0.732 0.764 0.783 0.781 
PHA & CAV 0.620 0.691 0.764 0.787 0.810 
PHA & Duration 0.582 0.623 0.664 0.679 0.669 
PHA & PHV 0.508 0.546 0.573 0.584 0.601 
PHA & SI (2 - 2.5 s) 0.700 0.829 0.862 0.853 0.839 
PHA & SI (2.5 - 3 s) 0.634 0.747 0.780 0.772 0.757 
PHA & SI (0.1 - 2.5 s) 0.724 0.782 0.845 0.88 0.911 
PHV & SI (0.1 - 2.5 s) 0.779 0.882 0.925 0.937 0.946 
SI (0.1 - 0.5 s) & CAV 0.666 0.713 0.707 0.664 0.622 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.505 0.541 0.555 0.563 0.553 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.521 0.546 0.554 0.552 0.544 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.527 0.537 0.542 0.545 0.537 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.428 0.516 0.565 0.573 0.590 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.500 0.586 0.653 0.669 0.665 
SI (0.1 - 0.5 s) & PHV 0.535 0.630 0.709 0.743 0.768 
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Table E.12 AUC values for vector IM pairs for pure rocking geometry 
Vector IMs Threshold 60% 70% 80% 90% 
ASI (0.1 - 0.5 s) & CAV 0.864 0.877 0.891 0.899 
ASI (0.1 - 0.5 s) & Duration 0.687 0.701 0.705 0.720 
ASI (0.1  - 0.5 s) & PHV 0.725 0.742 0.758 0.794 
ASI (1 - 1.5 s) & CAV 0.946 0.918 0.910 0.884 
CAV & DSI (1 - 1.5 s) 0.860 0.817 0.791 0.840 
CAV & PHV 0.892 0.899 0.912 0.938 
CAV & SI (1 - 1.5 s) 0.946 0.934 0.920 0.919 
CAV & SI (1 - 2.5 s) 0.876 0.880 0.874 0.887 
CAV & SI (0.1 - 3 s) 0.917 0.927 0.919 0.935 
CAV & SI (0.1 - 2.5 s) 0.944 0.936 0.918 0.921 
DSI (0.1 - 0.5 s) & CAV 0.529 0.311 0.151 0.075 
DSI (0.1 - 0.5 s) & PHV 0.676 0.761 0.830 0.810 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.523 0.529 0.567 0.556 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.472 0.487 0.497 0.476 
PHA & ASI (2 - 2.5 s) 0.850 0.900 0.933 0.960 
PHA & ASI (2.5 - 3 s) 0.754 0.792 0.850 0.899 
PHA & CAV 0.843 0.876 0.891 0.917 
PHA & Duration 0.685 0.711 0.719 0.759 
PHA & PHV 0.594 0.571 0.552 0.535 
PHA & SI (2 - 2.5 s) 0.819 0.791 0.784 0.803 
PHA & SI (2.5 - 3 s) 0.735 0.770 0.770 0.769 
PHA & SI (0.1 - 2.5 s) 0.924 0.929 0.929 0.924 
PHV & SI (0.1 - 2.5 s) 0.946 0.933 0.925 0.916 
SI (0.1 - 0.5 s) & CAV 0.607 0.685 0.705 0.635 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.537 0.519 0.500 0.500 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.542 0.525 0.507 0.504 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.537 0.528 0.510 0.502 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.590 0.605 0.618 0.619 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.669 0.659 0.678 0.725 
SI (0.1 - 0.5 s) & PHV 0.784 0.812 0.841 0.844 
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Table E.13 AUC values for vector IM pairs for slide-rocking geometry 1 rocking 
demands 
Vector IMs Threshold 10% 20% 30% 40% 50% 
ASI (0.1 - 0.5 s) & CAV 0.647 0.752 0.801 0.802 0.795 
ASI (0.1 - 0.5 s) & Duration 0.602 0.649 0.679 0.678 0.656 
ASI (0.1  - 0.5 s) & PHV 0.650 0.697 0.711 0.720 0.726 
ASI (1 - 1.5 s) & CAV 0.782 0.879 0.927 0.957 0.958 
CAV & DSI (1 - 1.5 s) 0.744 0.835 0.896 0.921 0.894 
CAV & PHV 0.772 0.821 0.835 0.830 0.853 
CAV & SI (1 - 1.5 s) 0.753 0.863 0.910 0.945 0.957 
CAV & SI (1 - 2.5 s) 0.767 0.827 0.869 0.886 0.887 
CAV & SI (0.1 - 3 s) 0.733 0.816 0.865 0.884 0.890 
CAV & SI (0.1 - 2.5 s) 0.766 0.869 0.901 0.939 0.945 
DSI (0.1 - 0.5 s) & CAV 0.809 0.818 0.835 0.737 0.603 
DSI (0.1 - 0.5 s) & PHV 0.608 0.641 0.600 0.565 0.548 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.576 0.660 0.692 0.698 0.705 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.395 0.459 0.480 0.490 0.491 
PHA & ASI (2 - 2.5 s) 0.664 0.730 0.752 0.773 0.820 
PHA & ASI (2.5 - 3 s) 0.699 0.751 0.765 0.797 0.793 
PHA & CAV 0.628 0.701 0.764 0.803 0.810 
PHA & Duration 0.696 0.722 0.732 0.731 0.715 
PHA & PHV 0.576 0.636 0.642 0.680 0.675 
PHA & SI (2 - 2.5 s) 0.742 0.834 0.856 0.873 0.848 
PHA & SI (2.5 - 3 s) 0.694 0.792 0.803 0.824 0.791 
PHA & SI (0.1 - 2.5 s) 0.702 0.798 0.859 0.884 0.898 
PHV & SI (0.1 - 2.5 s) 0.764 0.861 0.902 0.933 0.942 
SI (0.1 - 0.5 s) & CAV 0.789 0.721 0.680 0.674 0.702 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.510 0.559 0.574 0.559 0.563 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.501 0.551 0.574 0.562 0.561 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.516 0.553 0.561 0.549 0.548 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.561 0.641 0.660 0.677 0.665 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.639 0.730 0.743 0.755 0.744 
SI (0.1 - 0.5 s) & PHV 0.728 0.807 0.844 0.863 0.867 
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Table E.14 AUC values for vector IM pairs for slide-rocking geometry 1 rocking 
demands 
Vector IMs Threshold 60% 70% 80% 90% 
ASI (0.1 - 0.5 s) & CAV 0.810 0.797 0.775 0.765 
ASI (0.1 - 0.5 s) & Duration 0.657 0.654 0.620 0.623 
ASI (0.1  - 0.5 s) & PHV 0.737 0.720 0.747 0.679 
ASI (1 - 1.5 s) & CAV 0.938 0.914 0.888 0.847 
CAV & DSI (1 - 1.5 s) 0.880 0.857 0.823 0.813 
CAV & PHV 0.846 0.836 0.865 0.870 
CAV & SI (1 - 1.5 s) 0.960 0.966 0.965 0.961 
CAV & SI (1 - 2.5 s) 0.883 0.907 0.885 0.849 
CAV & SI (0.1 - 3 s) 0.886 0.892 0.875 0.847 
CAV & SI (0.1 - 2.5 s) 0.948 0.952 0.948 0.928 
DSI (0.1 - 0.5 s) & CAV 0.443 0.331 0.276 0.217 
DSI (0.1 - 0.5 s) & PHV 0.570 0.666 0.665 0.618 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.736 0.716 0.722 0.651 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.471 0.476 0.479 0.480 
PHA & ASI (2 - 2.5 s) 0.853 0.886 0.901 0.907 
PHA & ASI (2.5 - 3 s) 0.796 0.856 0.859 0.891 
PHA & CAV 0.824 0.861 0.853 0.861 
PHA & Duration 0.715 0.692 0.700 0.708 
PHA & PHV 0.682 0.679 0.656 0.635 
PHA & SI (2 - 2.5 s) 0.851 0.824 0.833 0.865 
PHA & SI (2.5 - 3 s) 0.793 0.785 0.759 0.774 
PHA & SI (0.1 - 2.5 s) 0.92 0.929 0.941 0.928 
PHV & SI (0.1 - 2.5 s) 0.951 0.96 0.965 0.952 
SI (0.1 - 0.5 s) & CAV 0.786 0.728 0.668 0.537 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.556 0.553 0.553 0.554 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.548 0.554 0.570 0.573 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.539 0.553 0.538 0.548 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.680 0.666 0.670 0.672 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.746 0.797 0.773 0.822 
SI (0.1 - 0.5 s) & PHV 0.881 0.883 0.872 0.873 
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Table E.15 AUC values for vector IM pairs for slide-rocking geometry 2 rocking 
demands 
Vector IMs Threshold 10% 20% 30% 40% 50% 
ASI (0.1 - 0.5 s) & CAV 0.645 0.749 0.794 0.830 0.837 
ASI (0.1 - 0.5 s) & Duration 0.932 0.923 0.916 0.906 0.900 
ASI (0.1  - 0.5 s) & PHV 0.538 0.642 0.684 0.689 0.700 
ASI (1 - 1.5 s) & CAV 0.781 0.878 0.928 0.963 0.969 
CAV & DSI (1 - 1.5 s) 0.739 0.793 0.764 0.743 0.705 
CAV & PHV 0.725 0.812 0.851 0.874 0.879 
CAV & SI (1 - 1.5 s) 0.752 0.859 0.924 0.951 0.946 
CAV & SI (1 - 2.5 s) 0.752 0.801 0.843 0.865 0.868 
CAV & SI (0.1 - 3 s) 0.707 0.803 0.853 0.875 0.893 
CAV & SI (0.1 - 2.5 s) 0.764 0.858 0.899 0.942 0.949 
DSI (0.1 - 0.5 s) & CAV 0.737 0.649 0.638 0.692 0.770 
DSI (0.1 - 0.5 s) & PHV 0.901 0.892 0.844 0.791 0.762 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.593 0.628 0.648 0.656 0.657 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.556 0.570 0.587 0.597 0.596 
PHA & ASI (2 - 2.5 s) 0.551 0.638 0.681 0.723 0.750 
PHA & ASI (2.5 - 3 s) 0.515 0.616 0.650 0.675 0.691 
PHA & CAV 0.522 0.613 0.686 0.728 0.761 
PHA & Duration 0.404 0.461 0.510 0.541 0.560 
PHA & PHV 0.366 0.477 0.533 0.575 0.582 
PHA & SI (2 - 2.5 s) 0.571 0.701 0.769 0.779 0.780 
PHA & SI (2.5 - 3 s) 0.476 0.603 0.654 0.677 0.657 
PHA & SI (0.1 - 2.5 s) 0.64 0.73 0.8 0.846 0.881 
PHV & SI (0.1 - 2.5 s) 0.749 0.847 0.9 0.934 0.95 
SI (0.1 - 0.5 s) & CAV 0.907 0.883 0.840 0.780 0.739 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.537 0.555 0.561 0.557 0.536 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.538 0.545 0.555 0.556 0.538 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.534 0.545 0.551 0.537 0.534 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.374 0.465 0.520 0.551 0.567 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.734 0.822 0.851 0.841 0.810 
SI (0.1 - 0.5 s) & PHV 0.896 0.919 0.925 0.920 0.924 
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Table E.16 AUC values for vector IM pairs for slide-rocking geometry 2 rocking 
demands 
Vector IMs Threshold 60% 70% 80% 90% 
ASI (0.1 - 0.5 s) & CAV 0.821 0.845 0.864 0.832 
ASI (0.1 - 0.5 s) & Duration 0.886 0.900 0.886 0.887 
ASI (0.1  - 0.5 s) & PHV 0.722 0.701 0.722 0.735 
ASI (1 - 1.5 s) & CAV 0.956 0.950 0.922 0.893 
CAV & DSI (1 - 1.5 s) 0.686 0.676 0.700 0.710 
CAV & PHV 0.888 0.906 0.931 0.954 
CAV & SI (1 - 1.5 s) 0.908 0.921 0.929 0.943 
CAV & SI (1 - 2.5 s) 0.879 0.888 0.878 0.856 
CAV & SI (0.1 - 3 s) 0.898 0.913 0.910 0.884 
CAV & SI (0.1 - 2.5 s) 0.951 0.957 0.968 0.958 
DSI (0.1 - 0.5 s) & CAV 0.736 0.523 0.295 0.157 
DSI (0.1 - 0.5 s) & PHV 0.770 0.831 0.881 0.859 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.679 0.661 0.676 0.627 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.594 0.564 0.558 0.560 
PHA & ASI (2 - 2.5 s) 0.778 0.843 0.896 0.916 
PHA & ASI (2.5 - 3 s) 0.683 0.724 0.807 0.845 
PHA & CAV 0.767 0.810 0.853 0.862 
PHA & Duration 0.565 0.575 0.621 0.601 
PHA & PHV 0.599 0.588 0.541 0.543 
PHA & SI (2 - 2.5 s) 0.748 0.736 0.749 0.778 
PHA & SI (2.5 - 3 s) 0.665 0.654 0.646 0.648 
PHA & SI (0.1 - 2.5 s) 0.889 0.929 0.963 0.958 
PHV & SI (0.1 - 2.5 s) 0.948 0.959 0.958 0.947 
SI (0.1 - 0.5 s) & CAV 0.758 0.820 0.864 0.759 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.529 0.535 0.536 0.515 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.520 0.534 0.512 0.508 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.535 0.519 0.510 0.505 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.567 0.567 0.573 0.535 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.805 0.802 0.764 0.801 
SI (0.1 - 0.5 s) & PHV 0.930 0.941 0.936 0.953 
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Table E.17 AUC values for vector IM pairs for slide-rocking geometry 3 rocking 
demands 
Vector IMs Threshold 10% 20% 30% 40% 50% 
ASI (0.1 - 0.5 s) & CAV 0.612 0.684 0.756 0.782 0.793 
ASI (0.1 - 0.5 s) & Duration 0.831 0.895 0.904 0.911 0.883 
ASI (0.1  - 0.5 s) & PHV 0.550 0.640 0.703 0.711 0.697 
ASI (1 - 1.5 s) & CAV 0.794 0.868 0.940 0.960 0.953 
CAV & DSI (1 - 1.5 s) 0.753 0.807 0.850 0.834 0.798 
CAV & PHV 0.708 0.786 0.830 0.855 0.864 
CAV & SI (1 - 1.5 s) 0.764 0.850 0.930 0.944 0.930 
CAV & SI (1 - 2.5 s) 0.725 0.780 0.829 0.839 0.856 
CAV & SI (0.1 - 3 s) 0.697 0.777 0.845 0.873 0.897 
CAV & SI (0.1 - 2.5 s) 0.766 0.846 0.915 0.932 0.946 
DSI (0.1 - 0.5 s) & CAV 0.736 0.613 0.613 0.643 0.726 
DSI (0.1 - 0.5 s) & PHV 0.827 0.861 0.863 0.849 0.795 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.581 0.615 0.641 0.644 0.644 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.549 0.566 0.576 0.576 0.581 
PHA & ASI (2 - 2.5 s) 0.616 0.664 0.704 0.759 0.777 
PHA & ASI (2.5 - 3 s) 0.590 0.661 0.713 0.737 0.747 
PHA & CAV 0.581 0.632 0.717 0.755 0.789 
PHA & Duration 0.496 0.479 0.544 0.576 0.596 
PHA & PHV 0.453 0.532 0.573 0.591 0.594 
PHA & SI (2 - 2.5 s) 0.648 0.795 0.854 0.879 0.848 
PHA & SI (2.5 - 3 s) 0.613 0.731 0.778 0.816 0.807 
PHA & SI (0.1 - 2.5 s) 0.683 0.718 0.796 0.849 0.878 
PHV & SI (0.1 - 2.5 s) 0.768 0.855 0.906 0.935 0.946 
SI (0.1 - 0.5 s) & CAV 0.881 0.875 0.837 0.787 0.752 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.529 0.551 0.549 0.559 0.550 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.530 0.550 0.561 0.560 0.548 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.527 0.548 0.544 0.547 0.547 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.642 0.695 0.728 0.727 0.714 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.579 0.673 0.739 0.766 0.737 
SI (0.1 - 0.5 s) & PHV 0.880 0.912 0.914 0.907 0.907 
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Table E.18 AUC values for vector IM pairs for slide-rocking geometry 3 rocking 
demands 
Vector IMs Threshold 60% 70% 80% 90% 
ASI (0.1 - 0.5 s) & CAV 0.798 0.814 0.827 0.824 
ASI (0.1 - 0.5 s) & Duration 0.860 0.824 0.825 0.825 
ASI (0.1  - 0.5 s) & PHV 0.701 0.691 0.712 0.740 
ASI (1 - 1.5 s) & CAV 0.943 0.926 0.908 0.902 
CAV & DSI (1 - 1.5 s) 0.734 0.704 0.696 0.724 
CAV & PHV 0.881 0.890 0.895 0.940 
CAV & SI (1 - 1.5 s) 0.924 0.918 0.914 0.916 
CAV & SI (1 - 2.5 s) 0.865 0.844 0.874 0.867 
CAV & SI (0.1 - 3 s) 0.907 0.911 0.913 0.926 
CAV & SI (0.1 - 2.5 s) 0.95 0.946 0.937 0.944 
DSI (0.1 - 0.5 s) & CAV 0.780 0.640 0.485 0.212 
DSI (0.1 - 0.5 s) & PHV 0.743 0.747 0.785 0.888 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.657 0.667 0.647 0.624 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.562 0.558 0.559 0.547 
PHA & ASI (2 - 2.5 s) 0.813 0.858 0.888 0.941 
PHA & ASI (2.5 - 3 s) 0.746 0.747 0.804 0.874 
PHA & CAV 0.796 0.820 0.845 0.868 
PHA & Duration 0.604 0.630 0.651 0.631 
PHA & PHV 0.624 0.650 0.605 0.551 
PHA & SI (2 - 2.5 s) 0.835 0.807 0.810 0.832 
PHA & SI (2.5 - 3 s) 0.798 0.764 0.791 0.782 
PHA & SI (0.1 - 2.5 s) 0.905 0.917 0.932 0.957 
PHV & SI (0.1 - 2.5 s) 0.945 0.945 0.931 0.939 
SI (0.1 - 0.5 s) & CAV 0.723 0.772 0.842 0.852 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.537 0.532 0.512 0.509 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.535 0.533 0.519 0.513 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.544 0.528 0.519 0.519 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.727 0.721 0.745 0.744 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.752 0.724 0.762 0.764 
SI (0.1 - 0.5 s) & PHV 0.887 0.889 0.884 0.925 
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Table E.19 AUC values for vector IM pairs for slide-rocking geometry 4 rocking 
demands 
Vector IMs Threshold 10% 20% 30% 40% 50% 
ASI (0.1 - 0.5 s) & CAV 0.794 0.790 0.797 0.773 0.763 
ASI (0.1 - 0.5 s) & Duration 0.626 0.653 0.686 0.689 0.708 
ASI (0.1  - 0.5 s) & PHV 0.737 0.799 0.819 0.833 0.828 
ASI (1 - 1.5 s) & CAV 0.899 0.947 0.923 0.857 0.824 
CAV & DSI (1 - 1.5 s) 0.838 0.912 0.920 0.903 0.853 
CAV & PHV 0.881 0.922 0.946 0.938 0.944 
CAV & SI (1 - 1.5 s) 0.877 0.947 0.975 0.971 0.966 
CAV & SI (1 - 2.5 s) 0.852 0.915 0.951 0.957 0.948 
CAV & SI (0.1 - 3 s) 0.854 0.923 0.917 0.891 0.864 
CAV & SI (0.1 - 2.5 s) 0.887 0.954 0.974 0.955 0.938 
DSI (0.1 - 0.5 s) & CAV 0.732 0.607 0.421 0.308 0.263 
DSI (0.1 - 0.5 s) & PHV 0.727 0.730 0.771 0.726 0.659 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.641 0.691 0.728 0.723 0.750 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.781 0.816 0.846 0.843 0.819 
PHA & ASI (2 - 2.5 s) 0.772 0.846 0.895 0.912 0.921 
PHA & ASI (2.5 - 3 s) 0.749 0.771 0.816 0.864 0.890 
PHA & CAV 0.751 0.807 0.829 0.852 0.858 
PHA & Duration 0.529 0.547 0.581 0.574 0.575 
PHA & PHV 0.677 0.748 0.789 0.786 0.755 
PHA & SI (2 - 2.5 s) 0.825 0.866 0.861 0.900 0.914 
PHA & SI (2.5 - 3 s) 0.770 0.814 0.824 0.841 0.830 
PHA & SI (0.1 - 2.5 s) 0.826 0.894 0.92 0.932 0.928 
PHV & SI (0.1 - 2.5 s) 0.864 0.902 0.873 0.807 0.776 
SI (0.1 - 0.5 s) & CAV 0.772 0.775 0.839 0.808 0.744 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.673 0.742 0.746 0.774 0.742 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.632 0.698 0.702 0.698 0.697 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.650 0.681 0.671 0.672 0.632 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.603 0.669 0.713 0.732 0.720 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.637 0.685 0.735 0.763 0.764 
SI (0.1 - 0.5 s) & PHV 0.819 0.834 0.830 0.796 0.799 
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Table E.20 AUC values for vector IM pairs for slide-rocking geometry 4 rocking 
demands 
Vector IMs Threshold 60% 70% 80% 90% 
ASI (0.1 - 0.5 s) & CAV 0.742 0.707 0.689 0.689 
ASI (0.1 - 0.5 s) & Duration 0.694 0.691 0.688 0.696 
ASI (0.1  - 0.5 s) & PHV 0.783 0.806 0.859 0.869 
ASI (1 - 1.5 s) & CAV 0.779 0.761 0.722 0.713 
CAV & DSI (1 - 1.5 s) 0.824 0.751 0.724 0.748 
CAV & PHV 0.938 0.937 0.933 0.941 
CAV & SI (1 - 1.5 s) 0.951 0.931 0.903 0.890 
CAV & SI (1 - 2.5 s) 0.929 0.880 0.852 0.831 
CAV & SI (0.1 - 3 s) 0.823 0.792 0.760 0.738 
CAV & SI (0.1 - 2.5 s) 0.907 0.861 0.822 0.799 
DSI (0.1 - 0.5 s) & CAV 0.191 0.119 0.076 0.033 
DSI (0.1 - 0.5 s) & PHV 0.498 0.423 0.275 0.163 
DSI (0.1 - 0.5 s) & SI (1.5 - 2 s) 0.773 0.797 0.816 0.806 
DSI (0.1 - 0.5 s) & SI (2.5 - 3 s) 0.802 0.778 0.740 0.757 
PHA & ASI (2 - 2.5 s) 0.923 0.920 0.937 0.929 
PHA & ASI (2.5 - 3 s) 0.896 0.907 0.924 0.927 
PHA & CAV 0.872 0.859 0.852 0.846 
PHA & Duration 0.577 0.555 0.540 0.548 
PHA & PHV 0.714 0.712 0.685 0.737 
PHA & SI (2 - 2.5 s) 0.938 0.946 0.961 0.960 
PHA & SI (2.5 - 3 s) 0.847 0.882 0.933 0.926 
PHA & SI (0.1 - 2.5 s) 0.921 0.906 0.868 0.852 
PHV & SI (0.1 - 2.5 s) 0.737 0.706 0.687 0.697 
SI (0.1 - 0.5 s) & CAV 0.649 0.523 0.357 0.229 
SI (0.1 - 0.5 s) & DSI (1.5 - 2 s) 0.722 0.656 0.605 0.529 
SI (0.1 - 0.5 s) & DSI (2 - 2.5 s) 0.677 0.669 0.653 0.647 
SI (0.1 - 0.5 s) & DSI (2.5 - 3 s) 0.625 0.642 0.611 0.609 
SI (0.1 - 0.5 s) & DSI (1 - 2.5 s) 0.747 0.766 0.789 0.793 
SI (0.1 - 0.5 s) & DSI (0.1 - 3 s) 0.769 0.772 0.787 0.775 
SI (0.1 - 0.5 s) & PHV 0.767 0.750 0.728 0.734 
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Appendix F: Probabilistic Seismic Hazard Analysis  
 The following procedure outlines the simplified Probabilistic Seismic Hazard 
Analysis (PSHA) approach utilized in Chapter 5 taken from Baker (2015). This approach 
is not representative of modern PSHA practices, and is purely meant to demonstrate the 
applicability of the vector intensity measures incorporated in the case study presented in 
Chapter 5. The general process for PSHA from Baker (2015) is as follows: 
1. Identify all earthquake sources capable of producing damaging ground motions. 
2. Characterize the distribution of earthquake magnitudes. 
3. Characterize the distribution of source-to-site distances associated with potential 
earthquakes. 
4. Predict the resulting distribution of ground motion intensity as a function of 
earthquake magnitude and distance. 
5. Combine uncertainties in earthquake size, location, and ground motion intensity, 
using the total probability theorem. 
This procedure will be followed to construct the seismic hazard curve for Elephant Rocks 
State Park.  
 The only source close to Elephant Rocks State Park capable of producing 
earthquakes is the New Madrid Seismic Zone (NMSZ). The rate at which the NMSZ 
produces earthquakes of large magnitudes, 𝜆𝜆𝑚𝑚, is taken as 0.002 per year based on 
previous studies in the region (Kelson et al., 1996; Kenner and Segall, 2000; Tuttle et al., 
2002). It is estimated that the range of earthquake magnitudes capable of being produced 
by the NMSZ ranges from 5 to 8.5. The distribution of earthquake magnitudes larger than 
5 but smaller than 8.5 can be calculated using 
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𝐹𝐹𝑀𝑀(𝑚𝑚) = 1 − 10−𝑛𝑛(𝑚𝑚−𝑚𝑚𝑚𝑚𝑖𝑖𝑎𝑎)1 − 10−𝑛𝑛(𝑚𝑚𝑚𝑚𝑎𝑎𝑚𝑚−𝑚𝑚𝑚𝑚𝑖𝑖𝑎𝑎) ,𝑓𝑓𝑟𝑟𝑟𝑟 𝑚𝑚𝑚𝑚𝑖𝑖𝑛𝑛 < 𝑚𝑚 < 𝑚𝑚𝑚𝑚𝑚𝑚𝑥𝑥 (5.17)  
𝑓𝑓𝑀𝑀(𝑚𝑚) = 𝑏𝑏 ln(10) 10−𝑛𝑛(𝑚𝑚−𝑚𝑚𝑚𝑚𝑖𝑖𝑎𝑎)1 − 10−𝑛𝑛(𝑚𝑚𝑚𝑚𝑎𝑎𝑚𝑚−𝑚𝑚𝑚𝑚𝑖𝑖𝑎𝑎) ,𝑓𝑓𝑟𝑟𝑟𝑟 𝑚𝑚𝑚𝑚𝑖𝑖𝑛𝑛 < 𝑚𝑚 < 𝑚𝑚𝑚𝑚𝑚𝑚𝑥𝑥 (5.18)  
where, 𝐹𝐹𝑀𝑀 is the cumulative density function (CDF), 𝑓𝑓𝑀𝑀 is the probability density 
function (PDF), and b is the relative ratio of small and large earthquake magnitudes, 
typically taken as 1. Most PSHA equations require a discrete set of earthquake 
magnitudes for computational purposes, which can be calculated by using Equation (F.3).  
𝑃𝑃�𝐼𝐼 = 𝑚𝑚𝑗𝑗� = 𝐹𝐹𝑀𝑀�𝑚𝑚𝑗𝑗+1� − 𝐹𝐹𝑀𝑀�𝑚𝑚𝑗𝑗� (5.19)  
Next, the distribution of source-to-site distances is required. However, the NMSZ is an 
area source and is located approximately 130 km away from Elephant Rocks; thus, the 
CDF of the source-to-site distance can be taken as 1.  
Now, the distribution of earthquake intensity for the site needs to be calculated. 
This was done using a ground motion prediction equation (GMPE) proposed by Danciu 
and Tselentis (2007) for Cumulative Absolute Velocity (CAV). log10(𝐶𝐶𝐴𝐴𝑉𝑉) = 0.015 + 0.654𝐼𝐼 + 1.163 log10 �𝑅𝑅2 + 14.8762+ 0.009𝐴𝐴 + 0.103𝐹𝐹 + 𝜀𝜀 (5.20)  
Here, M and R refer to the magnitude and rupture distance of a sample earthquake event, 
S and F are the soil and faulting mechanism coefficients, which are both 1 for this case 
study. The standard deviation of the GMPE is 0.106, and the standard error, ε, is 0.272 
(Danciu and Tselentis, 2007). By inputting different magnitude values, and the same 
rupture distance of 130 km, several mean values of CAV can be determined via Equation 
(F.4). The resulting mean and given standard deviation can be input into a CDF to 
determine the probability of CAV exceeding a certain threshold given a magnitude and 
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rupture distance. 
𝑃𝑃(𝐶𝐶𝐴𝐴𝑉𝑉 > 𝑥𝑥|𝑚𝑚, 𝑟𝑟) = 1 −Φ�ln 𝑥𝑥 − 𝜇𝜇ln𝐶𝐶𝐴𝐴𝐶𝐶
𝜎𝜎ln𝐶𝐶𝐴𝐴𝐶𝐶
� (5.21)  
In this equation, Φ is the standard normal CDF.  
 Using the distribution of earthquake magnitudes, rupture distances, and CAV for 
Elephant Rocks State Park, the annual rate of exceeding different levels of CAV can be 
calculated using 
𝜆𝜆(𝐼𝐼𝐼𝐼 > 𝑥𝑥) = 
� 𝜆𝜆(𝐼𝐼𝑖𝑖 > 𝑚𝑚𝑚𝑚𝑖𝑖𝑛𝑛)𝑛𝑛𝑓𝑓𝑠𝑠𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟𝑓𝑓
𝑖𝑖=1
��𝑃𝑃�𝐼𝐼𝐼𝐼 > 𝑥𝑥�𝑚𝑚𝑗𝑗 , 𝑟𝑟𝑘𝑘�𝑛𝑛𝑅𝑅
𝑘𝑘=1
𝑃𝑃�𝐼𝐼𝑖𝑖 = 𝑚𝑚𝑗𝑗�𝑃𝑃(𝑅𝑅𝑖𝑖 = 𝑟𝑟𝑘𝑘)𝑛𝑛𝐼𝐼
𝑗𝑗=1
 
(5.22)  
where 𝜆𝜆(𝐼𝐼𝑖𝑖 > 𝑚𝑚𝑚𝑚𝑖𝑖𝑛𝑛) is the rate of occurrence of earthquakes greater than 𝑚𝑚𝑚𝑚𝑖𝑖𝑛𝑛, or 
0.002, 𝑃𝑃�𝐼𝐼𝐼𝐼 > 𝑥𝑥�𝑚𝑚𝑗𝑗 , 𝑟𝑟𝑘𝑘� comes from Equation (F.5), 𝑃𝑃�𝐼𝐼𝑖𝑖 = 𝑚𝑚𝑗𝑗� is from Equation 
(F.3), and 𝑃𝑃(𝑅𝑅𝑖𝑖 = 𝑟𝑟𝑘𝑘) is equal to 1. The result is a seismic hazard curve based upon CAV 
(Figure F.1). The magnitude deaggregation for the hazard curve can be determined using 
Equation (F.7). 
𝑃𝑃(𝐼𝐼 = 𝑚𝑚|𝐼𝐼𝐼𝐼 > 𝑥𝑥) = 𝜆𝜆(𝐼𝐼𝐼𝐼 > 𝑥𝑥,𝐼𝐼 = 𝑚𝑚)
𝜆𝜆(𝐼𝐼𝐼𝐼 > 𝑥𝑥)  (5.23)  
The numerator of the above equation represents the rate of earthquakes with CAV > x and 
M = m, or 
𝜆𝜆(𝐼𝐼𝐼𝐼 > 𝑥𝑥,𝐼𝐼 = 𝑚𝑚) = 
� 𝜆𝜆(𝐼𝐼𝑖𝑖 > 𝑚𝑚𝑚𝑚𝑖𝑖𝑛𝑛)𝑛𝑛𝑓𝑓𝑠𝑠𝑎𝑎𝑟𝑟𝑟𝑟𝑟𝑟𝑓𝑓
𝑖𝑖=1
�𝑃𝑃(𝐼𝐼𝐼𝐼 > 𝑥𝑥|𝑚𝑚, 𝑟𝑟𝑘𝑘)𝑃𝑃(𝐼𝐼𝑖𝑖 = 𝑚𝑚)𝑃𝑃(𝑅𝑅𝑖𝑖 = 𝑟𝑟𝑘𝑘)𝑛𝑛𝑅𝑅𝑗𝑗
𝑘𝑘=1
 
(5.24)  
The annual rate of exceedance and magnitude deaggregation were incorporated into 
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Equation (5.13) to calculate the annual probability of failure for the PBR in Chapter 5. 
 
 
Figure F.1 Seismic hazard curve for Elephant Rocks State Park 
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